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ASYMPTOTIC STRUCTURE OF FREE PRODUCT
VON NEUMANN ALGEBRAS
CYRIL HOUDAYER AND YOSHIMICHI UEDA
Abstract. Let (M,ϕ) = (M1, ϕ1)∗(M2, ϕ2) be the free product of any σ-finite von Neumann
algebras endowed with any faithful normal states. We show that whenever Q ⊂ M is a von
Neumann subalgebra with separable predual such that both Q and Q ∩M1 are the ranges of
faithful normal conditional expectations and such that both the intersection Q ∩M1 and the
central sequence algebra Q′ ∩Mω are diffuse (e.g. Q is amenable), then Q must sit inside M1.
This result generalizes the previous results of the first named author in [Ho14] and moreover
completely settles the questions of maximal amenability and maximal property Gamma of the
inclusion M1 ⊂M in arbitrary free product von Neumann algebras.
1. Introduction and statement of the main results
The first class of concrete maximal amenable subalgebras in von Neumann algebras was dis-
covered by Popa in his seminal article [Po83]. He showed that the generator maximal abelian
subalgebra L(Z) = L(〈a〉) is maximal amenable inside the free group factor L(F2) = L(〈a, b〉).
Popa moreover introduced in [Po83] a powerful method, based on the study of central sequences
in the ultraproduct framework, to prove that a given amenable von Neumann subalgebra in a
finite von Neumann algebra is maximal amenable. This method will be referred to as Popa’s
asymptotic orthogonality property in this paper. Popa’s maximal amenability result [Po83] for
free group factors was recently extended by the first named author in [Ho14] to a large class of
free product von Neumann algebras, possibly of type III. We refer to [Ho14] and the references
therein for further results on maximal amenability in the framework of von Neumann algebras.
We point out that Boutonnet-Carderi recently introduced in [BC14] a new method, based on
the study of central states, to prove that a given amenable von Neumann subalgebra in a fi-
nite von Neumann algebra is maximal amenable. Among other things, they obtained concrete
examples of maximal amenable von Neumann subalgebras in type II1 factors associated with
higher rank lattices.
The aim of this paper is to further generalize the recent work of the first named author in [Ho14]
and to completely settle the questions of maximal amenability and maximal property Gamma
of the inclusion M1 ⊂M arising from an arbitrary free product (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2).
We will say that an inclusion of von Neumann algebras Q ⊂ M is with expectation if there
exists a faithful normal conditional expectation from M onto Q. Our first main result is the
following optimal Gamma stability result inside arbitrary free product von Neumann algebras.
Theorem A. For each i ∈ {1, 2}, let (Mi, ϕi) be any σ-finite von Neumann algebra endowed
with a faithful normal state. Denote by (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) the free product. Let
Q ⊂M be any von Neumann subalgebra with separable predual and with expectation such that
Q∩M1 is diffuse and with expectation, and furthermore that Q
′∩Mω is diffuse. Then we have
Q ⊂M1.
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We refer to Theorem 4.3 below for a more general statement that extend [Ho14, Theorem D]
to arbitrary free product von Neumann algebras. As a corollary to Theorem A, we infer that
amenable von Neumann subalgebras Q ⊂M with expectation such that the intersection Q∩M1
is diffuse and with expectation must in fact sit inside M1. Namely, we obtain the following
result.
Corollary B. Let (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) be as in Theorem A. Let Q ⊂ M be any
amenable von Neumann subalgebra with expectation such that Q ∩M1 is diffuse and with ex-
pectation. Then we have Q ⊂M1.
We point out that the separability assumption on the predual of the amenable von Neumann
subalgebra Q ⊂ M is no longer needed in Corollary B. As we mentioned before, in the case
when both M1 and M2 are tracial and both ϕ1 and ϕ2 are faithful normal tracial states,
Corollary B is a consequence of [Ho14, Theorem D]. Very recently, Ozawa gave in [Oz15] a
short proof of the above Corollary B in the tracial case using an idea in [BC14]. However, that
proof depends upon the assumption that given states are tracial. Moreover, we would like to
emphasize that the tools and the techniques we will develop in order to achieve the goal of this
paper have strong potential in future research, and indeed lead to our next work on general
rigidity phenomenon for free product von Neumann algebras [HU15].
We also point out that [Ho14, Theorem A and Corollary B] hold true under the more general
assumption that M1 is diffuse, instead of the centralizer (M1)
ϕ1 being diffuse as in [Ho14]. In
fact, we prove the optimal asymptotic orthogonality property result in arbitrary free product
von Neumann algebras (see Theorem 3.1 below) to make those assertions hold under such a
general assumption. Remark that this generalization of [Ho14, Theorem A] does not follow
from Theorem A, since it is applicable to any intermediate subalgebra M1 ⊂ Q ⊂ M without
a priori assuming it to be with expectation.
We now briefly explain the strategy of the proof of Theorem A. To simplify the discussion, we
will further assume that Q ⊂M is a subfactor. We refer to Section 4 for further details.
Assume that Q is amenable. In that case, we exploit the fact that Q is AFD with a Cartan
subalgebra A ⊂ Q and hence has lots of central sequences that sit inside the ultraproduct von
Neumann subalgebra Aω ⊂ Qω. This is a key observation when Q is of type III. Using our
generalization of the asymptotic orthogonality property in arbitrary free product von Neumann
algebras (see Theorem 3.1 below) and exploiting the recent generalization of Popa’s intertwining
techniques obtained in [HI15], we then show that any corner of A must embed with expectation
into M1 inside M . By exploiting the regularity property of the Cartan inclusion A ⊂ Q and
using a standard maximality argument, we deduce that Q ⊂M1.
We point out that our strategy, based on the study of central sequences in the ultraproduct
framework via Popa’s asymptotic orthogonality property, works for arbitrary von Neumann
algebras. Hence we are able to deal with amenable subfactors Q ⊂ M in Theorem A and
Corollary B that can possibly be of type III.
Assume that Q is nonamenable. In that case, we use Connes-Takesaki’s structure theory
[Co72, Ta03] and Popa’s deformation/rigidity theory [Po01, Po03, Po06] inside the ultraprod-
uct of the continuous core (cϕ(M))
ω. One of the new features of our proof is to exploit a
recent result of Masuda-Tomatsu [MT13] showing that the continuous core of the ultraproduct
von Neumann algebra cϕω(M
ω) sits, as an intermediate von Neumann subalgebra with trace
preserving conditional expectations, between cϕ(M) and (cϕ(M))
ω, that is,
cϕ(M) ⊂ cϕω(M
ω) ⊂ (cϕ(M))
ω .
Using Popa’s spectral gap rigidity principle and intertwining techniques, we then show that
any finite corner of cϕ(Q) must embed into cϕ(M1) inside the ambient continuous core cϕ(M).
By a standard maximality argument, we deduce that cϕ(Q) ⊂ cϕ(M1) and hence Q ⊂M1.
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We point out that we do need to pass to the continuous core cϕ(M) in order to make Popa’s spec-
tral gap rigidity principle work since we ultimately use Connes’s characterization of amenability
for finite von Neumann algebras [Co75].
We conclude this paper with an appendix in which we give a short proof of an unpublished
result due to the second named author showing that Connes’s bicentralizer problem has a
positive solution for all type III1 factors arising as free products of von Neumann algebras.
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2. Preliminaries
For any von Neumann algebra M , we will denote by Z(M) the centre of M , by U(M) the
group of unitaries in M , by Ball(M) the unit ball of M with respect to the uniform norm ‖·‖∞
and by (M,L2(M), JM ,PM ) the standard form of M . More generally, for any linear subspace
V ⊂M , we will denote by Ball(V) the unit ball of V with respect to the uniform norm ‖ · ‖∞.
Background on σ-finite von Neumann algebras. Let M be any σ-finite von Neumann
algebra with unique predualM∗ and ϕ ∈M∗ any faithful state. We will write ‖x‖ϕ = ϕ(x
∗x)1/2
for all x ∈M . Recall that on Ball(M), the topology given by ‖ · ‖ϕ coincides with the σ-strong
topology. Denote by ξϕ ∈ P
M the unique canonical implementing vector of ϕ. The mapping
M → L2(M) : x 7→ xξϕ defines an embedding with dense image such that ‖x‖ϕ = ‖xξϕ‖L2(M)
for all x ∈M .
We denote by σϕ the modular automorphism group of the state ϕ. The centralizer Mϕ of the
state ϕ is by definition the fixed point algebra of (M,σϕ). The continuous core of M with
respect to ϕ, denoted by cϕ(M), is the crossed product von Neumann algebra M ⋊σϕ R. The
natural inclusion πϕ : M → cϕ(M) and the unitary representation λϕ : R→ cϕ(M) satisfy the
covariance relation
λϕ(t)πϕ(x)λϕ(t)
∗ = πϕ(σ
ϕ
t (x)) for all x ∈M and all t ∈ R.
Put Lϕ(R) = λϕ(R)
′′. There is a unique faithful normal conditional expectation ELϕ(R) :
cϕ(M) → Lϕ(R) satisfying ELϕ(R)(πϕ(x)λϕ(t)) = ϕ(x)λϕ(t). The faithful normal semifinite
weight defined by f 7→
∫
R
exp(−s)f(s) ds on L∞(R) gives rise to a faithful normal semifinite
weight Trϕ on Lϕ(R) via the Fourier transform. The formula Trϕ = Trϕ ◦ELϕ(R) extends it to
a faithful normal semifinite trace on cϕ(M).
Because of Connes’s Radon–Nikodym cocycle theorem [Co72, The´ore`me 1.2.1] (see also [Ta03,
Theorem VIII.3.3]), the semifinite von Neumann algebra cϕ(M) together with its trace Trϕ does
not depend on the choice of ϕ in the following precise sense. If ψ is another faithful normal
state on M , there is a canonical surjective ∗-isomorphism Πϕ,ψ : cψ(M) → cϕ(M) such that
Πϕ,ψ ◦ πψ = πϕ and Trϕ ◦ Πϕ,ψ = Trψ. Note however that Πϕ,ψ does not map the subalgebra
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Lψ(R) ⊂ cψ(M) onto the subalgebra Lϕ(R) ⊂ cϕ(M) (and hence we use the symbol Lϕ(R)
instead of the usual L(R)).
In order to prove the asymptotic orthogonality property inside arbitrary free product von
Neumann algebras (see Theorem 3.1 below), we will use the following key simple lemma whose
proof is similar to [MU12, Proposition 2.8] using [HS90, Theorem 11.1].
Lemma 2.1. Let (M,ϕ) be any diffuse σ-finite von Neumann algebra endowed with a faithful
normal state. For every δ > 0, there exists a faithful normal state ψ ∈M∗ such that ‖ϕ−ψ‖ < δ
and such that the centralizer Mψ is diffuse.
Proof. Write M = Md ⊕Mc where Md is of type I with diffuse center and Mc has no type I
direct summand. The above decomposition gives ϕ = ϕd+ϕc. By [HS90, Theorem 11.1] (which
dates back to Connes-Størmer’s transitivity theorem [CS78]), one can find a faithful normal
positive linear functional ϕ′c ∈ (Mc)∗ such that ‖ϕ
′
c‖(Mc)∗ = ‖ϕc‖(Mc)∗ , ‖ϕc − ϕ
′
c‖(Mc)∗ < δ and
(Mc)
ϕ′c is of type II1. Put ψ := ϕd + ϕ
′
c and observe that ψ ∈ M∗ is a faithful normal state.
Then we have ‖ϕ − ψ‖M∗ = ‖ϕc − ϕ
′
c‖(Mc)∗ < δ and Z(Md) ⊕ (Mc)
ϕ′c ⊂ Mψ. Therefore, the
centralizer Mψ is a diffuse von Neumann subalgebra (see e.g. [Bl06, Theorem IV.2.2.3]). 
Popa’s intertwining techniques. To fix notation, let M be any σ-finite von Neumann alge-
bra, 1A and 1B any nonzero projections inM , A ⊂ 1AM1A and B ⊂ 1BM1B any von Neumann
subalgebras. Popa introduced his powerful intertwining-by-bimodules techniques in [Po01] in
the case when M is finite and more generally in [Po03] in the case when M is endowed with
an almost periodic faithful normal state ϕ for which 1A ∈ M
ϕ, A ⊂ 1AM
ϕ1A and 1B ∈ M
ϕ,
B ⊂ 1BM
ϕ1B . It was showed in [HV12, Ue12] that Popa’s intertwining techniques extend to
the case when B is finite and with expectation in 1BM1B and A ⊂ 1AM1A is any von Neumann
subalgebra.
In this paper, we will need the following generalization of [Po01, Theorem A.1] in the case when
A ⊂ 1AM1A is any finite von Neumann subalgebra with expectation and B ⊂ 1BM1B is any
von Neumann subalgebra with expectation.
Theorem 2.2 ([HI15, Theorem 4.3]). Let M be any σ-finite von Neumann algebra, 1A and
1B any nonzero projections in M , A ⊂ 1AM1A and B ⊂ 1BM1B any von Neumann subalge-
bras with faithful normal conditional expectations EA : 1AM1A → A and EB : 1BM1B → B
respectively. Assume moreover that A is a finite von Neumann algebra.
Then the following conditions are equivalent:
(1) There exist projections e ∈ A and f ∈ B, a nonzero partial isometry v ∈ eMf and a
unital normal ∗-homomorphism θ : eAe→ fBf such that the inclusion θ(eAe) ⊂ fBf
is with expectation and av = vθ(a) for all a ∈ eAe.
(2) There exist n ≥ 1, a projection q ∈ Mn(B), a nonzero partial isometry v ∈ (1AM ⊗
M1,n(C))q and a unital normal ∗-homomorphism π : A → qMn(B)q such that the
inclusion π(A) ⊂ qMn(B)q is with expectation and av = vπ(a) for all a ∈ A.
(3) There exists no net (wi)i∈I of unitaries in U(A) such that EB(b
∗wia) → 0 σ-strongly
as i→∞ for all a, b ∈ 1AM1B .
If one of the above conditions is satisfied, we will say that A embeds with expectation into B
inside M and write A M B.
Moreover, [HI15, Theorem 4.3] asserts that when B ⊂ 1BM1B is a semifinite von Neumann
subalgebra endowed with any fixed faithful normal semifinite trace Tr, then A M B if and
only if there exist a projection e ∈ A, a Tr-finite projection f ∈ B, a nonzero partial isometry
v ∈ eMf and a unital normal ∗-homomorphism θ : eAe → fBf such that av = vθ(a) for all
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a ∈ eAe. Hence, in that case, the notation A M B is consistent with [Ue12, Proposition 3.1].
In particular, the projection q ∈ Mn(B) in Theorem 2.2 (2) is chosen to be finite under the
trace Tr⊗ trn, when B is semifinite with any fixed faithful normal semifinite trace Tr. We refer
to [HI15, Section 4] for further details.
We say that a σ-finite von Neumann algebra P is tracial if it is endowed with a faithful normal
tracial state τ . Following [Jo82, PP84], a unital inclusion of tracial von Neumann algebras
A ⊂ (P, τ) has finite Jones index if dimA(L
2(P, τ)A) < +∞ with the Murray–von Neumann
dimension function dimA determined by τ . Following [Va07, Appendix A], a unital inclusion of
tracial von Neumann algebras A ⊂ (P, τ) has essentially finite index if there exists a sequence
of nonzero projections (pn)n in A
′ ∩ P such that the unital inclusion of tracial von Neumann
algebras Apn ⊂ (pnPpn,
τ(pn · pn)
τ(pn)
) has finite Jones index for all n ∈ N and pn → 1 σ-strongly
as n→∞.
We will need the following technical lemma about how the intertwining technique behaves with
respect to taking subalgebras of essentially finite index.
Lemma 2.3 ([Va07, Lemma 3.9]). Let M be any σ-finite von Neumann algebra, 1P and 1B
any nonzero projections in M , P ⊂ 1PM1P and B ⊂ 1BM1B any von Neumann subalgebras
with expectation. Assume moreover that P is a finite von Neumann algebra and A ⊂ P is a
unital von Neumann subalgebra of essentially finite index. Then A M B implies P M B.
Proof. This result is [Va07, Lemma 3.9] when the ambient von Neumann algebra M is finite
and its proof applies mutatis mutandis to our more general setting. 
We will moreover need the following two technical lemmas about intertwining subalgebras inside
continuous cores.
Lemma 2.4. Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal
state. Let q ∈Mϕ be any nonzero projection and Q ⊂ qMq any von Neumann subalgebra that
is globally invariant under the modular automorphism group σϕq of ϕq =
ϕ(q · q)
ϕ(q) . Denote by EQ
the unique ϕq-preserving conditional expectation from qMq onto Q.
Then for every nonzero finite trace projection p ∈ cϕ(M) and every net (ui)i∈I in Ball(M) such
that limi EQ(b
∗uia) = 0 σ-strongly for all a, b ∈Mq, we have
lim
i
‖Ecϕq (Q)(y
∗ pπϕ(ui)p x)‖2 = 0,∀x, y ∈ pcϕ(M)πϕ(q).
In particular, for any faithful normal state ψ ∈ M∗, any nonzero projection r ∈ M
ψ, any von
Neumann subalgebra R ⊂ rMψr satisfying R M Q and any finite trace projection s ∈ Lψ(R),
we have
Πϕ,ψ(πψ(R)s) cϕ(M) cϕq(Q).
Proof. The proof is essentially contained in [BHR12, Proposition 2.10] (see also [HR10, Propo-
sition 5.3]). Simply denote by Tr = Trϕ the canonical trace on cϕ(M) and by ‖·‖2 the L
2-norm
with respect to Tr. Let x, y ∈ Ball(pcϕ(M)πϕ(q)) be any elements. Fix an increasing se-
quence (pm)m of finite trace projections in Lϕ(R) such that pm → 1 σ-strongly. Observe that
pmπϕ(q) = πϕ(q)pm for all m ∈N, since q ∈M
ϕ.
Let ε > 0. Since Tr(p) < +∞, we may choose m ∈ N large enough such that
(2.1) ‖px− pxpm‖2 + ‖y
∗p− pmy
∗p‖2 <
ε
2
.
Observe that the unital ∗-subalgebra
A :=

n∑
j=1
πϕ(aj)λϕ(tj) : n ≥ 1, a1, . . . , an ∈M, t1, . . . , tn ∈ R

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is σ-∗-strongly dense in cϕ(M). Using Kaplansky’s density theorem and since Tr(pm) < +∞,
there exist x0, y0 ∈ Ball(Aπϕ(q)) such that
(2.2) ‖pxpm − x0pm‖2 + ‖pmy
∗p− pmy
∗
0‖2 <
ε
2
.
Using (2.1) and (2.2), for all i ∈ I, we have
(2.3) ‖Ecϕq (Q)(y
∗ pπϕ(ui)p x)‖2 ≤ ‖Ecϕq (Q)(pmy
∗
0 πϕ(ui)x0pm)‖2 + ε.
Write x0 =
∑ℓ
j=1 πϕ(aj)λϕ(tj) and y0 =
∑n
k=1 πϕ(bk)λϕ(t
′
k) for some aj, bk ∈ Mq and tj, t
′
k ∈
R. Since
Ecϕq (Q)(pmy
∗
0 πϕ(ui)x0pm) =
∑
j,k
pmλϕ(t
′
k)
∗ πϕ(EQ(b
∗
kuiaj))λϕ(tj)pm
and since limi EQ(b
∗
kuiaj) = 0 σ-strongly for all j, k and since Tr(pm) < +∞, we obtain
(2.4) lim
i
‖Ecϕq (Q)(pmy
∗
0 πϕ(ui)x0pm)‖2 = 0.
Then (2.3) and (2.4) imply that lim supi ‖Ecϕq (Q)(y
∗ pπϕ(ui)p x)‖2 ≤ ε. Since ε > 0 is arbitrary,
we finally obtain
lim
i
‖Ecϕq (Q)(y
∗ pπϕ(ui)p x)‖2 = 0.
Next, assume that ψ ∈ M∗ is any faithful normal state, r ∈ M
ψ is any nonzero projec-
tion, R ⊂ rMψr is any von Neumann subalgebra such that R M Q and s ∈ Lψ(R) is any
nonzero finite trace projection. By Theorem 2.2, there exists a net (vi)j∈J in U(R) such that
limj ‖EQ(b
∗vja)‖ϕ = 0 for all a, b ∈ rMq. Recall that Πϕ,ψ ◦ πψ = πϕ and Trϕ ◦ Πϕ,ψ = Trψ.
Put p = Πϕ,ψ(s). The first part of the proof implies that limj ‖Ecϕq (Q)(y
∗ πϕ(vj)p x)‖2 = 0 for
all x, y ∈ pπϕ(r)cϕ(M)πϕ(q). Since πϕ(vj)p = Πϕ,ψ(πψ(vj)s) ∈ U(Πϕ,ψ(πψ(R)s)) for all j ∈ J ,
we obtain that Πϕ,ψ(πψ(R)s) cϕ(M) cϕq(Q) by Theorem 2.2. 
Lemma 2.5. Let M be any σ-finite von Neumann algebra and ϕ,ψ ∈ M∗ any faithful states.
Let q ∈ Mψ be any nonzero projection and Q ⊂ qMq any diffuse von Neumann subalgebra
that is globally invariant under the modular automorphism group σψq of ψq =
ψ(q · q)
ψ(q) . Then for
every nonzero finite trace projection p ∈ Lψ(R), we have cψq (Q) ⊂ cψ(M) naturally and
Πϕ,ψ(pcψq(Q)p) cϕ(M) Lϕ(R).
Proof. Denote by z ∈ Z(Q) the unique central projection such that Qz is of type I and Qz⊥
has no type I direct summand. Observe that z ∈Mψ, πψ(z) ∈ Z(cψq (Q)) and
pcψq (Q)p = pcψq (Q)p πψ(z)⊕ pcψq (Q)p πψ(z
⊥) = pcψz(Qz)p ⊕ pcψz⊥ (Qz
⊥)p.
Since Qz⊥ has no type I direct summand, pcψ
z⊥
(Qz⊥)p has no type I direct summand either.
This follows from the fact that continuous cores are independent of states or even weights (due
to Connes’s Radon–Nykodym cocycle theorem [Co72, The´ore`me 1.2.1]) as well as the fact that
the continuous core of any type III von Neumann algebra must be of type II∞ (see [Ta03,
Theorem XII.1.1]). Hence we have
Πϕ,ψ(pcψq(Q)p πψ(z
⊥)) cϕ(M) Lϕ(R).
Since Qz is of type I and diffuse, Z(Qz) ⊂ Qψqz = (Qz)ψz with ψz :=
ψ(z · z)
ψ(z) is also diffuse
and hence Z(Qz) M C1. Then Lemma 2.4 (with letting the Q there be the trivial algebra)
implies that
Πϕ,ψ(pcψq (Q)p πψ(z)) cϕ(M) Lϕ(R).
Combining the above two facts, we finally obtain that Πϕ,ψ(pcψq (Q)p) cϕ(M) Lϕ(R). 
ASYMPTOTIC STRUCTURE OF FREE PRODUCT VON NEUMANN ALGEBRAS 7
Amalgamated free product von Neumann algebras. For each i ∈ {1, 2}, let B ⊂Mi be
any inclusion of σ-finite von Neumann algebras with faithful normal conditional expectation
Ei : Mi → B. The amalgamated free product (M,E) = (M1,E1) ∗B (M2,E2) is a pair of von
Neumann algebra M generated by M1 and M2 and faithful normal conditional expectation
E : M → B such that M1,M2 are freely independent with respect to E:
E(x1 · · · xn) = 0 whenever xj ∈M
◦
ij and i1 6= · · · 6= in.
Here and in what follows, we denote by M◦i = ker(Ei). We refer to the product x1 · · · xn where
xj ∈ M
◦
ij
and i1 6= · · · 6= in as a reduced word in M
◦
i1
· · ·M◦in of length n ≥ 1. The linear span
of B and of all the reduced words in M◦i1 · · ·M
◦
in where n ≥ 1 and i1 6= · · · 6= in forms a unital
σ-strongly dense ∗-subalgebra of M . We call the resulting M the amalgamated free product
von Neumann algebra of (M1,E1) and (M2,E2).
When B = C1, Ei = ϕi(·)1 for all i ∈ {1, 2} and E = ϕ(·)1, we will simply denote by
(M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) and call the resulting M the free product von Neumann algebra
of (M1ϕ1) and (M2, ϕ2).
When B is a semifinite von Neumann algebra with faithful normal semifinite trace Tr and
the weight Tr ◦ Ei is tracial on Mi for every i ∈ {1, 2}, then the weight Tr ◦ E is tracial on
M (see [Po90, Proposition 3.1] for the finite case and [Ue98a, Theorem 2.6] for the general
case). In particular, M is a semifinite von Neumann algebra. In that case, we will refer to
(M,E) = (M1,E1) ∗B (M2,E2) as a semifinite amalgamated free product.
Let ϕ ∈ B∗ be any faithful normal state. Then for all t ∈ R, we have σ
ϕ◦E
t = σ
ϕ◦E1
t ∗ σ
ϕ◦E2
t
(see [Ue98a, Theorem 2.6]). By [Ta03, Theorem IX.4.2], there exists a unique ϕ ◦E-preserving
conditional expectation EM1 : M → M1. Moreover, we have EM1(x1 · · · xn) = 0 for all the
reduced words x1 · · · xn that contain at least one letter from M
◦
2 (see e.g. [Ue10, Lemma 2.1]).
We will denote byM⊖M1 = ker(EM1). For more on (amalgamated) free product von Neumann
algebras, we refer the reader to [BHR12, Po90, Ue98a, Ue10, Ue12, Vo85, VDN92].
Lemma 2.6. For each i ∈ {1, 2}, let B ⊂ Mi be any inclusion of σ-finite von Neumann
algebras with faithful normal conditional expectations Ei : Mi → B. Denote by (M,E) =
(M1,E1) ∗B (M2,E2) the amalgamated free product.
Let ψ ∈ M∗ be any faithful normal state such that ψ = ψ ◦ EM1 . Let (uj)j∈J be any net in
Ball((M1)
ψ) such that limj E1(b
∗uja) = 0 σ-strongly for all a, b ∈ M1. Then for all x, y ∈
M ⊖M1, we have that limj EM1(y
∗ujx) = 0 σ-strongly.
Proof. We first prove the σ-strong convergence when x, y ∈ M1M
◦
2 · · ·M
◦
2M1 are words of the
form x = ax′c and y = by′d with a, b, c, d ∈ M1 and x
′, y′ ∈ M◦2 · · ·M
◦
2 . By freeness with
amalgamation over B, for all n ∈ N, we have
EM1(y
∗ujx) = EM1(d
∗y′∗ b∗uja x
′c) = EM1(d
∗y′∗ E1(b
∗uja)x
′c).
Since limj E1(b
∗uja) = 0 σ-strongly, we have limj EM1(y
∗ujx) = 0 σ-strongly.
Recall that ψ = ψ ◦ EM1 . We next prove the σ-strong convergence when x ∈ M ⊖M1 is any
element and y ∈ M1M
◦
2 · · ·M
◦
2M1 is any word as above. Indeed, we may choose a sequence
(xk)k, where each xk is a finite linear combination of words in M1M
◦
2 · · ·M
◦
2M1, and such that
limk→∞ ‖x− xk‖ψ = 0. Then by triangle inequality, for all j ∈ J and k ∈ N, we have
‖EM1(y
∗ujx)‖ψ ≤ ‖EM1(y
∗ujxk)‖ψ + ‖EM1(y
∗uj(x− xk))‖ψ
≤ ‖EM1(y
∗ujxk)‖ψ + ‖y
∗un(x− xk)‖ψ
≤ ‖EM1(y
∗ujxk)‖ψ + ‖y‖∞‖x− xk‖ψ.
The first part of the proof implies that lim supj ‖EM1(y
∗ujx)‖ψ ≤ ‖y‖∞‖x−xk‖ψ for all k ∈ N
and hence limj ‖EM1(y
∗ujx)‖ψ = 0.
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Recall that ψ = ψ ◦ EM1 and hence σ
ψ
t (M1) = M1 for all t ∈ R. We next prove the σ-
strong convergence when x ∈ M ⊖M1 is any analytic element with respect to the modular
automorphism group σψ and y ∈ M ⊖M1 is any element. Indeed, we may choose a sequence
(yk)k, where each yk is a finite linear combination of words in M1M
◦
2 · · ·M
◦
2M1, and such that
limk→∞ ‖y
∗ − y∗k‖ψ = 0. Then by triangle inequality, for all j ∈ J and all k ∈ N, we have
‖EM1(y
∗ujx)‖ψ ≤ ‖EM1(y
∗
kujx)‖ψ + ‖EM1((y
∗ − y∗k)unx)‖ψ
≤ ‖EM1(y
∗
kujx)‖ψ + ‖(y
∗ − y∗k)ujx‖ψ
= ‖EM1(y
∗
kujx)‖ψ + ‖J
Mσψi/2(x)
∗u∗jJ
M (y∗ − y∗k)‖ψ
= ‖EM1(y
∗
kujx)‖ψ + ‖σ
ψ
i/2(x)‖∞‖y
∗ − y∗k‖ψ.
The second part of the proof implies that lim supj ‖EM1(y
∗ujx)‖ψ ≤ ‖σ
ψ
i/2(x)‖∞‖y
∗ − y∗k‖ψ for
all k ∈ N and hence limj ‖EM1(y
∗ujx)‖ψ = 0.
We finally prove the σ-strong convergence when x, y ∈ M ⊖M1 are any elements. Indeed,
we may choose a sequence (xk)k in M ⊖M1 of analytic elements with respect to the modular
automorphism group σψ such that limk→∞ ‖x− xk‖ψ = 0. Then by triangle inequality, for all
j ∈ J and all k ∈ N, we have
‖EM1(y
∗ujx)‖ψ ≤ ‖EM1(y
∗ujxk)‖ψ + ‖EM1(y
∗uj(x− xk))‖ψ
≤ ‖EM1(y
∗ujxk)‖ψ + ‖y
∗uj(x− xk)‖ψ
≤ ‖EM1(y
∗ujxk)‖ψ + ‖y‖∞‖x− xk‖ψ.
The third part of the proof implies that lim supj ‖EM1(y
∗ujx)‖ψ ≤ ‖y‖∞‖x−xk‖ψ for all k ∈ N
and hence limj ‖EM1(y
∗ujx)‖ψ = 0. This finishes the proof of Lemma 2.6. 
The next proposition about controlling the (quasi)-normalizer of diffuse subalgebras inside
free product von Neumann algebras will be very useful in the proof of Theorem A. This is
a variant of [IPP05, Theorem 1.1] and [Ue12, Proposition 3.3], but the proof uses an idea of
[Va06, Lemma D3] and the previous lemma crucially. We point out that the first assertion also
generalizes [Ue10, Corollary 3.2] (with n = 1, π(x) = uxu∗ and v = u for u ∈ U(A′ ∩M) or
NM (A)). A more general, unified statement seems possible in the framework of amalgamated
free products because the previous lemma is quite general, but the statements below fit the
later use.
Proposition 2.7. For each i ∈ {1, 2}, let (Mi, ϕi) be any σ-finite von Neumann algebra en-
dowed with a faithful normal state. Denote by (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) the free product.
(1) Let 1Q ∈ M1 be any nonzero projection and Q ⊂ 1QM11Q any diffuse von Neumann
subalgebra with expectation. For every n ≥ 1, every (not necessarily unital) normal
∗-homomorphism π : Q → Mn(M1) and every nonzero partial isometry v ∈ (1QM ⊗
M1,n(C))π(1Q) such that xv = vπ(x) for all x ∈ Q, we have
v ∈ (1QM1 ⊗M1,n(C))π(1Q).
(2) Let 1A ∈ M be any nonzero projection and A ⊂ 1AM1A any diffuse von Neumann
subalgebra with expectation. For every n ≥ 1, every (not necessarily unital) normal ∗-
homomorphism π : A →Mn(M1) such that the inclusion π(A) ⊂ π(1A)Mn(M1)π(1A)
is with expectation and every nonzero partial isometry v ∈ (1AM⊗M1,n(C))π(1A) such
that av = vπ(a) for all a ∈ A, we have
v∗v ∈ π(1A)Mn(M1)π(1A) and v
∗N1AM1A(A)
′′v ⊂ v∗vMn(M1)v
∗v.
Proof. (1) As in the proof of Lemma 2.1 and since Q ⊂ 1QM11Q is with expectation, we may
choose a faithful normal state ψ ∈ M∗ such that ψ = ψ ◦ EM1 , 1Q ∈ (M1)
ψ, Q ⊂ 1QM1Q
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is globally invariant under the modular automorphism group σψQ and QψQ ⊂ 1Q(M1)
ψ1Q is
diffuse where ψQ :=
ψ(1Q · 1Q)
ψ(1Q)
.
Let n, π, v as in the statement. Denote by trn the canonical normalized trace on Mn(C) and
write v = [v1 · · · vn] ∈ (1QM ⊗M1,n(C))π(1Q). For all x ∈ Q, since x v = v π(x), we have
xEMn(M1)(v) = EMn(M1)(x v) = EMn(M1)(v π(x)) = EMn(M1)(v)π(x)
and hence
(2.5) x (v − EMn(M1)(v)) = (v − EMn(M1)(v))π(x).
Put w := v − EMn(M1)(v) ∈ (1Q(M ⊖M1) ⊗M1,n(C))π(1Q) and write w = [w1 · · ·wn] with
w1, . . . , wn ∈ 1Q(M⊖M1). Fix a sequence of unitaries (uk)k in U(Q
ψQ) such that limk→∞ uk = 0
σ-weakly. By Lemma 2.6, we have
(2.6) lim
k→∞
‖EMn(M1)(w
∗ukw)‖
2
ψ⊗trn = limk→∞
n∑
i,j=1
‖EM1(w
∗
i ukwj)‖
2
ψ = 0.
Using (2.5) and (2.6) and since π(uk) ∈ U(π(Q)) and w
∗w ∈ π(Q)′ ∩ π(1Q)Mn(M)π(1Q), we
have
‖EMn(M1)(w
∗w)‖ψ⊗trn = lim sup
k→∞
‖π(uk) EMn(M1)(w
∗w)‖ψ⊗trn
= lim sup
k→∞
‖EMn(M1)(π(uk)w
∗w)‖ψ⊗trn
= lim sup
k→∞
‖EMn(M1)(w
∗w π(uk))‖ψ⊗trn
= lim
k→∞
‖EMn(M1)(w
∗ uk w)‖ψ⊗trn
= 0.
This implies that w∗w = 0 and hence w = 0. Thus v = EMn(M1)(v) ∈ (1QM1⊗M1,n(C))π(1Q).
(2) We will be working inside the amalgamated free product von Neumann algebra
Mn(M) = (Mn(M1), ϕ1 ⊗ idn) ∗Mn(C) (Mn(M2), ϕ2 ⊗ idn),
and substitute formula (2.7) below for the assumption of item (1) that xv = vπ(x) for all x ∈ Q.
Since π(A) ⊂ π(1A)Mn(M1)π(1A) is a diffuse von Neumann subalgebra with expectation,
we may choose, as in the proof of item (1), a faithful normal state ψ ∈ Mn(M)∗ such that
ψ = ψ◦EMn(M1), π(1A) ∈Mn(M1)
ψ and π(A)∩π(1A)Mn(M1)
ψπ(1A) is diffuse. Fix a sequence
of unitaries (uk)k in π(A)∩π(1A)Mn(M1)
ψπ(1A) such that limk→∞ uk = 0 σ-weakly. For each
k ∈ N, we may write uk = π(ak) with a unitary ak ∈ A.
Let now x ∈ N1AM1A(A) be any normalizing unitary element. Then for all a ∈ A, we have
(2.7) v∗xv π(a) = v∗xav = v∗(xax∗)xv = π(xax∗) v∗xv,
and hence, as in the proof of item (1), for every k ∈ N we have
(2.8) (v∗xv − EMn(M1)(v
∗xv))uk = π(xakx
∗) (v∗xv − EMn(M1)(v
∗xv)).
Put w := v∗xv − EMn(M1)(v
∗xv) ∈ π(1A)(Mn(M) ⊖Mn(M1))π(1A). Using (2.8) and Lemma
2.6 and since π(xakx
∗) ∈ U(π(A)), we obtain, as in the proof of item (1), that
‖EMn(M1)(ww
∗)‖ψ = lim
k→∞
‖EMn(M1)(w uk w
∗)‖ψ = 0,
implying that v∗xv = EMn(M1)(v
∗xv) ∈Mn(M1) and the desired assertion is immediate. 
10 CYRIL HOUDAYER AND YOSHIMICHI UEDA
Ultraproduct von Neumann algebras. Let M be any σ-finite von Neumann algebra. De-
fine
Iω(M) = {(xn)n ∈ ℓ
∞(N,M) : xn → 0 ∗-strongly as n→ ω} ,
Mω(M) = {(xn)n ∈ ℓ
∞(N,M) : (xn)n Iω(M) ⊂ Iω(M) and Iω(M) (xn)n ⊂ Iω(M)} .
We have that the multiplier algebra Mω(M) is a C∗-algebra and Iω(M) ⊂ M
ω(M) is a norm
closed two-sided ideal. Following [Oc85], we define the ultraproduct von Neumann algebra Mω
by Mω =Mω(M)/Iω(M). We denote the image of (xn)n ∈ M
ω(M) by (xn)
ω ∈Mω.
For all x ∈M , the constant sequence (x)n lies in the multiplier algebra Mω(M). We will then
identifyM with (M+Iω(M))/Iω(M) and regardM ⊂M
ω as a von Neumann subalgebra. The
map Eω : M
ω → M : (xn)
ω 7→ σ-weak limn→ω xn is a faithful normal conditional expectation.
For every faithful normal state ϕ ∈M∗, the formula ϕ
ω = ϕ◦Eω defines a faithful normal state
on Mω. Observe that ϕω((xn)
ω) = limn→ω ϕ(xn) for all (xn)
ω ∈Mω.
Let Q ⊂ M be any von Neumann subalgebra with faithful normal conditional expectation
EQ : M → Q. Choose a faithful normal state ϕ ∈ M∗ such that ϕ = ϕ ◦ EQ. We have
ℓ∞(N, Q) ⊂ ℓ∞(N,M), Iω(Q) ⊂ Iω(M) and M
ω(Q) ⊂ Mω(M). We will then identify
Qω =Mω(Q)/Iω(Q) with (M
ω(Q)+Iω(M))/Iω(M) and regard Q
ω ⊂Mω as a von Neumann
subalgebra. Observe that the norm ‖·‖(ϕ|Q)ω on Q
ω is the restriction of the norm ‖·‖ϕω to Q
ω.
Observe moreover that (EQ(xn))n ∈ Iω(Q) for all (xn)n ∈ Iω(M) and (EQ(xn))n ∈ M
ω(Q)
for all (xn)n ∈ M
ω(M). Therefore, the mapping EQω : M
ω → Qω : (xn)
ω 7→ (EQ(xn))
ω is a
well-defined conditional expectation satisfying ϕω ◦ EQω = ϕ
ω. Hence, EQω : M
ω → Qω is a
faithful normal conditional expectation.
PutH = L2(M). The ultraproduct Hilbert space Hω is defined to be the quotient of ℓ∞(N,H) by
the subspace consisting in sequences (ξn)n satisfying limn→ω ‖ξn‖H = 0. We denote the image
of (ξn)n ∈ ℓ
∞(N,H) by (ξn)ω ∈ H
ω. The inner product space structure on the Hilbert spaceHω
is defined by 〈(ξn)ω, (ηn)ω〉Hω = limn→ω〈ξn, ηn〉H. The standard Hilbert space L
2(Mω) can be
embedded into Hω as a closed subspace via the mapping L2(Mω)→Hω : (xn)
ωξϕω 7→ (xnξϕ)ω.
For more on ultraproduct von Neumann algebras, we refer the reader to [AH12, Oc85].
In Section 4, we will need the following well-known fact about ultraproducts of semifinite von
Neumann algebras. Let (M,Tr) be any semifinite σ-finite von Neumann endowed with a faithful
normal semifinite trace. Then the ultraproduct von Neumann algebra Mω is semifinite and the
weight Tr ◦ Eω is tracial on M
ω (see [AH12, Lemma 4.26]).
In Appendix A, we will need the following result about the centralizer (Mω)ϕ
ω
of the ultra-
product state ϕω.
Proposition 2.8. Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful
normal state and ω ∈ β(N) \N any nonprincipal ultrafilter.
(1) If M 6= C1, then (Mω)ϕ
ω
6= C1.
(2) If M is diffuse, then (Mω)ϕ
ω
is diffuse.
Proof. (1) Assume that M 6= C1. If Mϕ 6= C1, then we also have (Mω)ϕ
ω
6= C1 since
Mϕ ⊂ (Mω)ϕ
ω
. If Mϕ = C1, then M is a type III1 factor by [AH12, Lemma 5.3]. By [AH12,
Theorem 4.20], (Mω)ϕ
ω
is a type II1 factor and hence (M
ω)ϕ
ω
6= C1.
(2) Fix a sequence (zn)n of central projections in Z(M) such that
∑
n zn = 1, Mz0 has a diffuse
center and Mzn is a diffuse factor for every n ≥ 1. Observe that Z(Mz0) ⊂ M
ϕz0 and hence
Mϕz0 is diffuse. Next, fix n ≥ 1 such that zn 6= 0 and put ϕzn =
ϕ(zn · zn)
ϕ(zn)
∈ (Mzn)∗. If Mzn
is a semifinite factor, then Mϕzn = (Mzn)
ϕzn is diffuse. If Mzn is a type IIIλ factor, with
0 ≤ λ < 1, then Mϕzn = (Mzn)
ϕzn is diffuse by [Co72, The´ore`me 4.2.1 and The´ore`me 5.2.1].
If Mzn is a type III1 factor, then (M
ω)ϕ
ω
zn = ((Mzn)
ω)ϕ
ω
zn is a type II1 factor by [AH12,
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Theorem 4.20]. We finally obtain that (Mω)ϕ
ω
zn = ((Mzn)
ω)ϕ
ω
zn is diffuse for all n and hence
(Mω)ϕ
ω
is diffuse. 
3. Asymptotic orthogonality property
The phenomenon of asymptotic orthogonality property inside free group factors was discovered
by Popa in his seminal work [Po83, Lemma 2.1]. The main result of this section is the following
optimal asymptotic orthogonality property result inside arbitrary free product von Neumann
algebras. To fix notation, for each i ∈ {1, 2}, let (Mi, ϕi) be any σ-finite von Neumann algebra
endowed with a faithful normal state. Denote by (M,ϕ) = (M1, ϕ1)∗(M2, ϕ2) the free product.
As usual, denote by EM1 : M → M1 the unique ϕ-preserving conditional expectation. Let
Q ⊂M1 be any diffuse von Neumann subalgebra with expectation. Fix a faithful state ψ ∈M∗
such that σψt (Q) = Q and σ
ψ
t (M1) = M1 for all t ∈ R. Observe that ψ = ψ ◦ EM1 .
Theorem 3.1 below is a simultaneous generalization of [Ue10, Proposition 3.5] (which only
deals with y ∈ ker(ϕ2)) and [Ho14, Theorem 3.1] (which requires the centralizer (M1)
ϕ1 to be
diffuse).
Theorem 3.1. Keep the same notation as above. For all x ∈ Q′ ∩Mω and all y, z ∈M ⊖M1,
the vectors
y(x− EMω
1
(x))ξψω , (yEMω
1
(x)− EMω
1
(x)z)ξψω and (EMω
1
(x)− x)zξψω
are mutually orthogonal in the standard Hilbert space L2(Mω) where ξψω ∈ P
Mω is the canonical
representing vector of the ultraproduct state ψω.
Proof. The proof of Theorem 3.1 is a reconstruction of [Ho14, Theorem 3.1] and the new input
is the ‘state replacement’ procedure developed in [Ue10].
Let (Mω,L2(Mω), JM
ω
,PM
ω
) be the standard form of the ultraproduct von Neumann algebra
Mω, which is known to be obtained from the standard form (M,L2(M), JM ,PM ) of the original
von Neumann algebra M in a rather canonical fashion (see [AH12, Corollary 3.27]). It suffices
to prove, instead of the original assertion, that, for all z′ ∈M ⊖M1 with the given x, y in the
original assertion, the vectors
y(x− EMω
1
(x))ξψω , (yEMω
1
(x)− JM
ω
z′JM
ω
EMω
1
(x))ξψω and J
Mωz′JM
ω
(EMω
1
(x)− x)ξψω
are mutually orthogonal in the standard Hilbert space L2(Mω). In fact, by a standard approx-
imation argument we may and do assume that the given z in the original assertion is analytic
with respect to the modular automorphism group σψ. By [AH12, Theorem 4.1] together with
[Ta03, Lemma VIII.3.18 (ii)], we have
EMω
1
(x)zξψω = J
Mωσψi/2(z)
∗JM
ω
EMω
1
(x)ξψω ,
(EMω
1
(x)− x)zξψω = J
Mωσψi/2(z)
∗JM
ω
(EMω
1
(x)− x)ξψω ,
so that the above new assertion immediately gives the desired one.
For all i ∈ {1, 2}, denote by Ai ⊂Mi the σ-weakly dense unital ∗-subalgebra of all the analytic
elements in Mi with respect to the modular automorphism group σ
ϕi and write A◦i := Ai∩M
◦
i
with the standard notation M◦i := ker(ϕi). As in the proof of [Ho14, Theorem 3.1], we may and
will assume that the elements y and z′ are analytic with respect to the modular automorphism
group σϕ and y and σϕi/2(z
′)∗ are finite sums of reduced words w1, . . . , wℓ and w
′
1, . . . , w
′
ℓ′ in
A1A
◦
2 · · ·A
◦
2A1, respectively. Unlike usual, we call an element in M1M
◦
2 · · ·M
◦
2M1 a reduced
word in what follows.
Let V be the finite dimensional subspace of M1 obtained by looking at the letters coming from
A◦1 ∪ {1} appearing in y in the same fashion as in the proof of [Ho14, Theorem 3.1]. Namely,
V is the linear span of the following A1-letters:
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• the leftmost A1-letters of the reduced words wi, w
∗
i , 1 ≤ i ≤ ℓ;
• the rightmost A1-letters of the reduced words w
′
i, σ
ϕ
−i(w
′
i
∗), 1 ≤ i ≤ ℓ′;
• the leftmost A1-letters of all the reduced words appearing in the elements w
∗
iwj , 1 ≤
i, j ≤ ℓ;
• the rightmost A1-letters of all the reduced words appearing in the elements w
′
iσ
ϕ
−i(w
′
j
∗),
1 ≤ i, j ≤ ℓ′.
Choose an orthonormal basis e1, . . . , em of V with respect to the inner product (a|b)ϕ1 :=
ϕ1(b
∗a) on M1. Denote by W the range of the mapping a ∈ M1 7→ a −
∑m
i=1(a|ei)ϕ1ei ∈ M1.
It follows that M1 = V +W is an orthogonal decomposition with respect to the inner product
(·|·)ϕ1 defined on M1 as above.
Let H be the direct sum of all the alternating tensor products in L2(M1)
◦ and L2(M2)
◦
starting and ending with L2(M2)
◦. Here L2(Mi)
◦ denotes the orthogonal complement of the
canonical representing vector ξϕi ∈ P
Mi of the given state ϕi. Thanks to ∗−alg(M1,M2) =
M1 + span(M1M
◦
2 · · ·M
◦
2M1) together with the formula of modular conjugation (see [Ue98a,
Proposition II-C]), the standard Hilbert space L2(M) is naturally identified with L2(M1) ⊕
L2(M1) ⊗ H ⊗ L
2(M1) as M1-M1-bimodules. Decompose L
2(M1) ⊗ H ⊗ L
2(M1) into three
subspaces K1,K2,L defined by
K1 := (V ξϕ1)⊗ H⊗ L
2(M1),
K2 := (Wξϕ1)⊗ H⊗ (V ξϕ1),
L := (Wξϕ1)⊗ H⊗ (Wξϕ1).
It is clear that these subspaces are generated by
VM◦2 · · ·M
◦
2M1ξϕ,
WM◦2 · · ·M
◦
2V ξϕ,
WM◦2 · · ·M
◦
2Wξϕ,
respectively, in L2(M), where ξϕ ∈ P
M is the canonical representing vector of the free product
state ϕ. Remark that the direct summand L2(M1) in L
2(M) is given by M1ξϕ = M1ξψ thanks
to ψ ◦ EM1 = ψ (see e.g. [Ko88, Appendix I]).
Let δ > 0 be arbitrarily chosen. By Lemma 2.1, choose a faithful state φ1 ∈ Q∗ such that
‖ψ|Q − φ1‖ < δ and Q
φ1 is diffuse. Denote by EM1Q : M1 → Q the unique ψ-preserving
conditional expectation and put φ := φ1 ◦E
M1
Q ◦EM1 . Then we have φ = φ ◦EM1 , Q
φ is diffuse
and ‖ψ − φ‖ = ‖ψ|Q − φ1‖ < δ so that the canonical representing vectors ξψ, ξφ ∈ P
M of the
states ψ, φ satisfy ‖ξψ − ξφ‖L2(M) < δ
1/2 by the Araki-Powers-Størmer inequality (see [Ta03,
Theorem IX.1.2 (iv)]). In what follows, we denote by PX the orthogonal projection from L
2(M)
onto a (closed) subspace X .
Let (xn)n ∈ M
ω(M) such that x = (xn)
ω with C := supn ‖xn‖∞. Then for all n ∈ N and all
i ∈ {1, 2}, we have
(3.1) ‖PKixnξψ‖L2(M) < Cδ
1/2 + ‖PKixnξφ‖L2(M).
For a while, we will be working with ‖PKixnξφ‖L2(M) by the same method used in the proof
of [Ho14, Theorem 3.1]. Since Qφ is diffuse, we can choose a unitary u ∈ U(Qφ) such that
limk→±∞ u
k = 0 σ-weakly. Consider the unitary transformation T : L2(M) → L2(M) : ξ →
uJMuJM ξ =: u · ξ · u∗. Observe that since u ∈ U(Mφ) and hence [u, ξφ] = 0, for all n ∈ N, all
i ∈ {1, 2} and all k ∈ Z, we have
(3.2) T kPKixnξφ = u
k · (PKixnξφ) · u
−k = Puk ·Ki·u−ku
kxnu
−kξφ = PT kKiu
kxnu
−kξφ.
Here is a simple claim, which is just a reconstruction of Claim 1 of [Ho14, §3].
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Claim. For any ε > 0, there exists k0 ∈ N such that for all i ∈ {1, 2}, all ξ, η ∈ Ki and all
k ≥ k0, we have |〈T
kξ, η〉L2(M)| ≤ ε‖ξ‖L2(M)‖η‖L2(M), that is, T
kKi ⊥ε Ki in the sense of
[Ho12a, Definition 2.1].
Proof of the Claim. Denote by JM1 the modular conjugation on L2(M1). For ξ =
∑m
i=1(eiξϕ1)⊗
ξi, η =
∑m
j=1(ejξϕ1)⊗ ηj ∈ K1 inside L
2(M1)⊗ (H⊗ L
2(M1)), we have
|〈T kξ, η〉L2(M)| ≤
m∑
i,j=1
|(ukei|ej)ϕ1 | ‖ξi‖L2(M) ‖ηj‖L2(M)
≤ max
1≤i,j≤m
|(ukei|ej)ϕ1 | × ‖ξ‖L2(M) ‖η‖L2(M).
Similarly, for ξ′ =
∑m
i=1 ξ
′
i⊗ (eiξϕ1), η
′ =
∑m
j=1 η
′
j⊗ (ejξϕ1) ∈ K2 inside (L
2(M1)⊗H)⊗L
2(M1),
we have
|〈T kξ′, η′〉L2(M)| ≤
m∑
i,j=1
‖ξ′i‖L2(M) ‖η
′
j‖L2(M) |〈u
−kJM1ejξϕ1 , J
M1eiξϕ1〉L2(M1)|
≤ max
1≤i,j≤m
|〈u−kJM1ejξϕ1 , J
M1eiξϕ1〉L2(M1)| × ‖ξ
′‖L2(M) ‖η
′‖L2(M).
These two facts together with limk→±∞ u
k = 0 σ-weakly imply the desired assertion. 
Combining Equation (3.2) with the parallelogram law, for all n ∈ N, all i ∈ {1, 2} and all
k ∈ Z, we have
‖PKixnξφ‖
2
L2(M)
= ‖T kPKixnξφ‖
2
L2(M)
≤ 2‖(ukxnu
−k − xn)ξφ‖
2
L2(M)
+ 2‖PT kKixnξφ‖
2
L2(M)
.
Thanks to this and the above Claim and since x ∈ Q′∩Mω, the ε-orthogonality technique from
[Ho12a, Proposition 2.3] works to show that limn→ω ‖PKixnξφ‖L2(M) = 0 in the same way as
in the proof of Claim 2 in [Ho14, §3]. Consequently, we have limn→ω ‖PKixnξψ‖L2(M) ≤ Cδ
1/2.
Since δ > 0 can be arbitrarily small, we finally obtain
(3.3) lim
n→ω
‖PKixnξψ‖L2(M) = 0,∀i ∈ {1, 2}.
It is standard, see [AH12, Theorem 3.7], that L2(Mω) is embedded into the ultraproduct
Hilbert space L2(M)ω by (an)
ωξϕω 7→ (anξϕ)ω for (an)
ω ∈ Mω with representing sequence
(an)n ∈ M
ω(M). Remark that the other mapping (an)
ωξψω 7→ (anξψ)ω gives exactly the same
embedding since we already fix the choice (or realization) of standard forms. By (3.3) together
with [AH12, Proposition 3.15, Corollary 3.27, Corollary 3.28], we obtain
y(x− EMω
1
(x))ξψω = (yPLxnξψ)ω ,
(yEMω
1
(x)− JM
ω
z′JM
ω
EMω
1
(x))ξψω =
(
(yEM1(xn)− J
Mz′JMEM1(xn))ξψ
)
ω
,
JM
ω
z′JM
ω
(EMω
1
(x)− x)ξψω =
(
−JMz′JMPLxnξψ
)
ω
inside L2(M)ω. Note that yPLxnξψ sits in the closed linear span of wiWM
◦
2 · · ·M
◦
2Wξϕ, 1 ≤
i ≤ ℓ, and JMz′JMPLxnξψ sits in the closed linear span of WM
◦
2 · · ·M
◦
2Ww
′
jξϕ, 1 ≤ j ≤
ℓ′. Moreover, note that (yEM1(xn) − J
Mz′JMEM1(xn))ξψ ∈ (y + J
Mz′JM )M1ξψ = (y +
JMz′JM )M1ξϕ (n.b. ψ = ψ ◦EM1) as well as that J
Mz′JMbξϕ = bσ
ϕ
i/2(z
′)∗ξϕ for every b ∈M1
by [Ta03, Lemma VIII.3.18 (ii)]. This shows that (yEM1(xn)− J
Mz′JMEM1(xn))ξψ sits in the
closed linear span of (wiM1 +M1w
′
j)ξϕ, 1 ≤ i ≤ ℓ and 1 ≤ j ≤ ℓ
′.
Observe that the choice of V makes the subspaces wiWM
◦
2 · · ·M
◦
2Wξϕ, WM
◦
2 · · ·M
◦
2Ww
′
jξϕ,
(wiM1 + M1w
′
j)ξϕ mutually orthogonal for all 1 ≤ i ≤ ℓ and all 1 ≤ j ≤ ℓ
′. This can
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easily be checked exactly in the same way as in Claim 3 of [Ho14, §3] (which looks compli-
cated but not difficult). Therefore, y(x−EMω
1
(x))ξψω , (yEMω
1
(x)−JM
ω
z′JM
ω
EMω
1
(x))ξψω and
JM
ω
z′JM
ω
(EMω
1
(x) − x)ξψω are mutually orthogonal in L
2(Mω). This finishes the proof of
Theorem 3.1. 
4. Proofs of Theorem A and Corollary B
A key deformation/rigidity result for semifinite von Neumann algebras. Theorem
4.1 below relies on Popa’s deformation/rigidity theory [Po01, Po03, Po06] and is an adaptation
of Peterson’s L2-rigidity results [Pe06, Theorems 4.3 and 4.5] for semifinite von Neumann
algebras using Popa’s malleable deformations instead of Peterson’s L2-derivations.
Recall from [Po03, Po06] that for any inclusion M ⊂ M˜ of semifinite von Neumann algebras
with trace preserving conditional expectation, a trace preserving action R→ Aut(M˜) : t 7→ θt
is called a malleable deformation if there exists a period two trace preserving ∗-automorphism
β ∈ Aut(M˜) such that β ◦θt = θ−t ◦β for all t ∈ R. Denote by EM : M˜ →M the unique trace
preserving conditional expectation. We will simply denote by ‖·‖2 the L
2-norm associated with
the ambient faithful normal semifinite trace. By [Po06, Lemma 2.1], any malleable deformation
automatically satisfies the following transversality property:
‖x− θ2t(x)‖2 ≤ 2‖θt(x)− EM(θt(x))‖2,∀x ∈M∩ L
2(M,Tr).
The main result of this subsection is the following uniform convergence theorem for malleable
deformations.
Theorem 4.1. Let B ⊂ M ⊂ M˜ be an inclusion of semifinite von Neumann algebras with
trace preserving conditional expectations. Let R → Aut(M˜) : t 7→ θt be a trace preserving
malleable deformation. Let p ∈ M be any nonzero finite trace projection and Q ⊂ pMp any
von Neumann subalgebra. Assume that the following conditions hold:
(i) The pMp-pMp-bimodule L2(pM˜p)⊖L2(pMp) is weakly contained in the coarse pMp-
pMp-bimodule L2(pMp)⊗ L2(pMp).
(ii) The von Neumann algebra Q has no amenable direct summand.
(iii) There exists a nonprincipal ultrafilter ω ∈ β(N) \N such that Q′ ∩ (pMp)ω Mω Bω.
(iv) Denote by EB :M→ B the unique trace preserving conditional expectation. For every
net (vi)i∈I of unitaries in U(pMp) satisfying limi ‖EB(b
∗via)‖2 = 0 for all a, b ∈ pM,
we have limi ‖EM(d
∗vic)‖2 = 0 for all c, d ∈ p(M˜ ⊖M).
Then the map R→ Aut(M˜) : t 7→ θt converges uniformly on Ball(Q) in ‖ · ‖2 as t→ 0.
Proof. Put P = Q′∩(pMp)ω. For every t ∈ R, define θωt ∈ Aut(M˜
ω) by θωt ((xn)
ω) = (θt(xn))
ω.
We note that the map R → Aut(M˜ω) : t 7→ θωt need not be continuous. However, exploiting
Popa’s spectral gap argument [Po06], we can show the following uniform convergence result.
Claim. The map R→ Aut(M˜ω) : t 7→ θωt converges uniformly on Ball(P) in ‖ · ‖2 as t→ 0.
Proof of Claim. For the Claim, we will only use Conditions (i),(ii). Assume by contradiction
that the map R → Aut(M˜ω) : t 7→ θωt does not converge uniformly on Ball(P) in ‖ · ‖2 as
t → 0. Thus there exist c > 0, a sequence (tk)k of positive reals such that limk tk = 0 and a
sequence (Xk)k in Ball(P) such that ‖Xk − θ
ω
2tk
(Xk)‖2 ≥ 2c for all k ∈ N. Write Xk = (x
(k)
n )ω
with x
(k)
n ∈ Ball(pMp) satisfying limn→ω ‖yx
(k)
n − x
(k)
n y‖2 = 0 and 2c ≤ ‖Xk − θ
ω
2tk
(Xk)‖2 =
limn→ω ‖x
(k)
n − θ2tk(x
(k)
n )‖2 for all k ∈ N and all y ∈ Q.
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Denote by I the directed set of all pairs (F , ε) with F ⊂ Ball(Q) finite subset and ε > 0. Let
i = (F , ε) ∈ I and put δ = min( ε6 ,
c
8). Choose k ∈N large enough so that ‖p−θtk (p)‖2 ≤ δ and
‖a−θtk(a)‖2 ≤ ε/6 for all a ∈ F . Then choose n ∈ N large enough so that ‖x
(k)
n −θ2tk(x
(k)
n )‖2 ≥
c and ‖ax
(k)
n − x
(k)
n a‖2 ≤ ε/3 for all a ∈ F .
Put ξi = θtk(x
(k)
n ) − EM(θtk(x
(k)
n )) ∈ L
2(M˜) ⊖ L2(M) and ηi = pξip ∈ L
2(pM˜p) ⊖ L2(pMp).
By the transversality property of the malleable deformation (θt), we have
‖ξi‖2 ≥
1
2
‖x(k)n − θ2tk(x
(k)
n )‖2 ≥
c
2
.
Observe that ‖pθtk(x
(k)
n )p − θtk(x
(k)
n )‖2 ≤ 2‖p − θtk(p)‖2 ≤ 2δ. Since p ∈ M, by Pythagoras
theorem, we moreover have
‖pθtk(x
(k)
n )p − θtk(x
(k)
n )‖
2
2 = ‖EM(pθtk(x
(k)
n )p− θtk(x
(k)
n ))‖
2
2 + ‖ηi − ξi‖
2
2
and hence ‖ηi − ξi‖2 ≤ 2δ. This implies that
‖ηi‖2 ≥ ‖ξi‖2 − ‖ηi − ξi‖2 ≥
c
2
− 2δ ≥
c
4
.
For all x ∈ pMp, we have
‖xηi‖2 = ‖(1− EM)(xθtk(x
(k)
n )p)‖2 ≤ ‖xθtk(x
(k)
n )p‖2 ≤ ‖x‖2.
By Popa’s spectral gap argument [Po06], for all a ∈ F ⊂ Ball(pMp), we have
‖aηi − ηia‖2 = ‖(1 − EM)(aθtk(x
(k)
n )p− pθtk(x
(k)
n )a)‖2
≤ ‖aθtk(x
(k)
n )p − pθtk(x
(k)
n )a‖2
≤ 2‖a − θtk(a)‖2 + 2‖p − θtk(p)‖2 + ‖ax
(k)
n − x
(k)
n a‖2
≤
ε
3
+
ε
3
+
ε
3
= ε.
Hence ηi ∈ L
2(pM˜p) ⊖ L2(pMp) is a net of vectors satisfying lim supi ‖xηi‖2 ≤ ‖x‖2 for all
x ∈ pMp, lim inf i ‖ηi‖2 ≥
c
4 and limi ‖aηi−ηia‖2 = 0 for all a ∈ Q. By Condition (i), it follows
that Q ⊂ pMp has an amenable direct summand by Connes’s characterization of amenability
[Co75] for finite von Neumann algebras (see also [Io12, Lemma 2.3]). This is a contradiction
to Condition (ii) and finishes the proof of the Claim. 
Next, we use an idea due to Peterson [Pe06] in combination with the above Claim to bring
down the uniform convergence to Ball(Q). In what follows, we will use Conditions (iii),(iv).
Let ε > 0. By the above Claim, there exists t0 > 0 such that ‖v−θ
ω
t (v)‖2 <
ε2
16 for all v ∈ U(P)
(recall P = Q′ ∩ (pMp)ω) and all t ∈ [−t0, t0]. Fix x ∈ Ball(Q) and t ∈ [−t0, t0]. We will show
that ‖x− θ2t(x)‖2 ≤ ε.
Denote by I the directed set of all pairs (F , δ) with F ⊂ Ball(pM) finite subset and δ > 0. Fix
i = (F , δ) ∈ I. By Condition (iii), we have that P Mω Bω. This implies, in particular, that
there exists a unitary u ∈ U(P) such that ‖EBω(b
∗ua)‖2 < δ for all a, b ∈ F . Since pMp is a
finite von Neumann algebra, we may write u = (un)
ω ∈ U(P) for some (un)n ∈ ℓ
∞(N, pMp)
such that un ∈ U(pMp) for all n ∈ N. Observe that limn→ω ‖unx− xun‖2 = ‖ux− xu‖2 = 0,
‖EBω(b
∗ua)‖2 = limn→ω ‖EB(b
∗una)‖2 < δ for all a, b ∈ F and ‖u − θ
ω
t (u)‖2 = limn→ω ‖un −
θt(un)‖2. Thus, there exists n ∈ N large enough such that vi := un ∈ U(pMp) satisfies the
following properties:
• ‖vix− xvi‖2 ≤ δ,
• ‖EB(b
∗via)‖2 ≤ δ for all a, b ∈ F and
• ‖vi − θt(vi)‖2 ≤ ‖u− θ
ω
t (u)‖2 +
ε2
16 ≤
ε2
8 .
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Put δt(y) = θt(y)− EM(θt(y)) ∈ M˜ ⊖M for all y ∈ pMp. For all i ∈ I, we have
‖δt(x)‖
2
2 = 〈δt(x), δt(x)〉 ≤ |〈δt(vixv
∗
i ), δt(x)〉|+ ‖vixv
∗
i − x‖2(4.1)
≤ |〈viδt(x)v
∗
i , δt(x)〉|+ ‖vixv
∗
i − x‖2 + 2‖vi − θt(vi)‖2
≤ |〈viδt(x)v
∗
i , δt(x)〉|+ ‖vixv
∗
i − x‖2 +
ε2
4
.
Since limi ‖EB(b
∗via)‖2 = 0 for all a, b ∈ pM, we have limi ‖EM(d
∗vic)‖2 = 0 for all c, d ∈
p(M˜ ⊖M) by Condition (iv). In particular, using Cauchy-Schwarz inequality in L2(M˜), we
have
lim sup
i
|〈viδt(x)v
∗
i , δt(x)〉| = lim sup
i
|〈δt(x)
∗viδt(x), vi〉|(4.2)
= lim sup
i
|〈EM(δt(x)
∗ vi δt(x)), vi〉|
≤ lim sup
i
‖EM((pδt(x))
∗ vi pδt(x))‖2 ‖vi‖2
= 0.
Combining (4.1) and (4.2) with the first property of the net (vi)i∈I and the transversality
property of the malleable deformation (θt), we obtain
‖x− θ2t(x)‖2 ≤ 2‖δt(x)‖2 ≤ ε.
Since the above inequality holds for all x ∈ Ball(Q) and all t ∈ [−t0, t0], we have obtained that
the map R→ Aut(M˜) : t 7→ θt converges uniformly on Ball(Q) in ‖ · ‖2 as t→ 0. This finishes
the proof of Theorem 4.1. 
As a corollary to Theorem 4.1, we obtain the following ‘location’ result for subalgebras in
semifinite amalgamated free product von Neumann algebras. For each i ∈ {1, 2}, let B ⊂ Mi
be an inclusion of σ-finite semifinite von Neumann algebras with expectation Ei : Mi → B.
Let TrB be a faithful normal semifinite trace such that the weight TrB ◦Ei is tracial on Mi for
all i ∈ {1, 2}. Then the amalgamated free product (M,E) = (M1,E1)∗B (M1,E1) is semifinite
and the weight Tr = TrB ◦ E is tracial on M as remarked in Section 2.
Corollary 4.2. Keep the same notation as above. Assume moreover that B is amenable. Let
p ∈ M be any nonzero finite trace projection and Q ⊂ pMp any von Neumann subalgebra with
no amenable direct summand such that Q′ ∩ (pMp)ω Mω Bω for some nonprincipal ultrafilter
ω ∈ β(N) \N.
Then for every nonzero projection z ∈ Q′ ∩ pMp, there exists i ∈ {1, 2} such that Qz M Mi.
Proof. Put
M˜ =M∗B (B ⊗ L(F2))
and consider the trace preserving free malleable deformation (θt) from [IPP05, Section 2] on
M˜ (see [BHR12, Section 3] for further details).
We now check that we can apply Theorem 4.1 to our situation.
(i) Since B is amenable, the pMp-pMp-bimodule L2(pM˜p)⊖L2(pMp) is weakly contained
in the coarse pMp-pMp-bimodule L2(pMp) ⊗ L2(pMp) (see e.g. the proof of [CH08,
Proposition 3.1]).
(ii) By assumption, the von Neumann algebra Q has no amenable direct summand.
(iii) By assumption, we have Q′ ∩ (pMp)ω Mω Bω for some nonprincipal ultrafilter ω ∈
β(N) \N.
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(iv) Let (vi)i∈I be any net of unitaries in U(pMp) such that limi ‖EB(b
∗via)‖2 = 0 for all
a, b ∈ pM. Since M˜ = M∗B (B ⊗ L(F2)), the proof of [BHR12, Theorem 2.5, Claim]
implies that limi ‖EM(d
∗vic)‖2 = 0 for all c, d ∈ p(M˜ ⊖M).
Therefore, Theorem 4.1 implies that the map R → Aut(M˜) : t 7→ θt converges uniformly on
Ball(Q) in ‖ · ‖2 as t → 0. Fix now any nonzero projection z ∈ Q
′ ∩ pMp. We still have that
the map R → Aut(M˜) : t 7→ θt converges uniformly on Ball(Qz) in ‖ · ‖2 as t → 0. Then,
[BHR12, Theorem 3.3] implies that there exists i ∈ {1, 2} such that Qz M Mi. 
Proof of Theorem A. Theorem A will be a consequence of the following optimal result that
generalizes [Ho14, Theorem D] to arbitrary free product von Neumann algebras.
Theorem 4.3. For each i ∈ {1, 2}, let (Mi, ϕi) be any σ-finite von Neumann algebra endowed
with a faithful normal state. Denote by (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) the free product. Let
Q ⊂M be any von Neumann subalgebra with separable predual and with expectation such that
Q∩M1 is diffuse and with expectation. Let ω ∈ β(N) \N be any nonprincipal ultrafilter on N.
Denote by z ∈ Z(Q′ ∩Mω) the unique central projection such that (Q′ ∩Mω)z is diffuse and
(Q′ ∩Mω)z⊥ is atomic. Then the following conditions hold:
• z ∈ Z(Q′ ∩M) = Z(Q′ ∩M1),
• Qz ⊂ zM1z and
• (Q′ ∩Mω)z⊥ = (Q′ ∩M)z⊥ = (Q′ ∩M1)z
⊥.
Throughout the rest of this section, let (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) be as in Theorem 4.3.
Observe that M1 is diffuse by assumption. Proposition 2.7 (1) implies that (M1)
′ ∩M ⊂ M1.
Therefore, there exists a unique faithful normal conditional expectation EM1 : M → M1 by
[Co72, The´ore`me 1.5.5]. We fix a nonprincipal ultrafilter ω ∈ β(N) \N.
For Lemmas 4.4 and 4.5 below, we moreover fix a faithful state ψ ∈M∗ such that ψ = ψ ◦EM1 .
Whenever q ∈Mψ is a nonzero projection, put ψq =
ψ(q · q)
ψ(q) ∈ (qMq)∗.
Lemma 4.4. Let q ∈ (M1)
ψ be any nonzero projection and Q ⊂ qMq any non type I subfactor
with separable predual that is amenable and globally invariant under the modular automorphism
group σψq and such that Q ∩ qM1q is diffuse. Then Q ⊂ qM1q.
Proof. The proof of Lemma 4.4 is inspired by the one of [Ho12b, Theorem 8.1]. We will consider
successively the cases when Q is of type II1, of type II∞ and of type III.
Case type II1. Assume that q ∈ (M1)
ψ is any nonzero projection and Q ⊂ qMq is any type
II1 subfactor with separable predual that is amenable and globally invariant under the modular
automorphism group σψq and such that Q ∩ qM1q is diffuse. Then we have Q ⊂ qM1q.
We start by showing the following claim.
Claim. For any nonzero projection z ∈ Z(Q′ ∩ qMq), we have Qz M M1.
Proof of the Claim. By contradiction, assume that there exists a nonzero projection z ∈ Z(Q′∩
qMq) such that Qz M M1. Since Q′ ∩ qMq ⊂ qM1q by Proposition 2.7 (1) and Q′ ∩ qMq ⊂
qM1q is globally invariant under the modular automorphism group σ
ψq , we have z ∈ (M1)
ψ.
Write Q =
∨
n∈NQn where (Qn)n is an increasing sequence of finite dimensional subfactors of
Q of the form Qn ∼=M2n(C). Since the inclusion
(Q′n ∩Q)z ⊂ Qz
∼= Q′n ∩Q ⊂ Q
(n.b. Q is a factor) has finite index, Lemma 2.3 implies that (Q′n ∩Q)z M M1 for all n ∈N.
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Then for every n ∈ N, choose a unitary un ∈ U((Q
′
n ∩ Q)z) such that ‖EM1(un)‖ψ ≤
1
n+1 .
Since Qz is finite with expectation, we have (un)n ∈ M
ω(zMz) and hence we may define
u = (un)
ω ∈ (zMz)ω = zMωz ⊂Mω. We then have u ∈ (Qz)′ ∩ (Qz)ω and EMω
1
(u) = 0 since
‖EMω
1
(u)‖ψω = lim
n→ω
‖EM1(un)‖ψ = 0.
Observe that (Qz ∩ zM1z) ⊕ z
⊥M1z
⊥ ⊂ M1 is a diffuse von Neumann subalgebra that is
globally invariant under the modular automorphism group σψ. Since u ∈ (Qz)′ ∩ (Qz)ω, we
have u ∈ ((Qz ∩ zM1z)⊕ z
⊥M1z
⊥)′ ∩Mω. For all n ∈ N, since we moreover have uun = un u
and u∗u = z, Theorem 3.1 implies that
‖EM1(un)u− uEM1(un)‖ψω = ‖(EM1(un)− un)u+ u(un − EM1(un))‖ψω
≥ ‖u (un − EM1(un))‖ψω (use Theorem 3.1 here)
≥ ‖z‖ψ − ‖EM1(un)‖ψ .
Observe that limn→∞ EM1(un) = 0 σ-strongly. By taking the limit as n → ∞ in the above
inequality, we obtain z = 0, a contradiction. This finishes the proof of the Claim. 
The set R of projections r ∈ Q′ ∩ qMq = Q′ ∩ qM1q (by Proposition 2.7 (1)) such that
Qr ⊂ rM1r attains its maximum in a unique projection z that belongs to Z(Q
′ ∩ qMq) =
Z(Q′ ∩ qM1q). (In fact, R is invariant under the adjoint action of U(Q
′ ∩ qM1q), and z :=∨
r∈R r ∈ Z(Q
′ ∩ qM1q) must satisfy xz = EM1(x)z = zEM1(x)z for all x ∈ Q.) Assume by
contradiction that z 6= q. Put z⊥ := q − z ∈ Z(Q′ ∩ qMq). By assumption, we have z⊥ 6= 0.
By the previous Claim, we have that Qz⊥ M M1. Then there exist n ≥ 1, a projection
p ∈ Mn(M1), a nonzero partial isometry v ∈ (z
⊥M ⊗M1,n(C))p and a unital normal ∗-
homomorphism π : Qz⊥ → pMn(M1)p such that the inclusion π(Qz
⊥) ⊂ pMn(M1)p is with
expectation (see Theorem 2.2 due to the first named author and Isono [HI15] for this important
property) and av = vπ(a) for all a ∈ Qz⊥. By Proposition 2.7 (1), we obtain that v ∈
(z⊥M1 ⊗M1,n(C))p and hence vv
∗ ∈ z⊥(Q′ ∩ qMq)z⊥ = z⊥(Q′ ∩ qM1q)z
⊥ and Qz⊥ vv∗ ⊂
vv∗ z⊥M1z
⊥ vv∗. Since vv∗ ≤ z⊥, vv∗ 6= 0 and Q(z + vv∗) ⊂ (z + vv∗)M1(z + vv
∗), this
contradicts the maximality of z ∈ Q′ ∩ qM1q and finishes the proof in the case when Q is of
type II1.
Case type II∞. Assume that q ∈ (M1)
ψ is any nonzero projection and Q ⊂ qMq is any
type II∞ subfactor with separable predual that is amenable and globally invariant under the
modular automorphism group σψq and such that Q∩qM1q is diffuse. Then we have Q ⊂ qM1q.
Choose a faithful normal semifinite trace Tr on Q and write ψq = Tr(T · ) for some positive
nonsingular operator T ∈ L1(Q,Tr)+ (see e.g. [Ta03, Corollary VIII.3.6, Lemma IX.2.12]).
Define the abelian von Neumann subalgebra B = {T it : t ∈ R}′′ ⊂ Q. Since σ
ψq
t = Ad(T
it) for
all t ∈ R, we have Qψq = B′ ∩Q. Observe that since the inclusion Q ∩ qM1q ⊂ Q is globally
invariant under the modular automorphism group σψq , the diffuse von Neumann subalgebra
Q ∩ qM1q ⊂ Q is also semifinite and hence its centralizer (Q ∩ qM1q)
ψq is diffuse (see e.g.
[Ue98b, Lemma 11]). By Proposition 2.7 (1) and since B is abelian, we have
B ⊂ (Qψq )′ ∩Qψq ⊂ ((Q ∩ qM1q)
ψq )′ ∩Qψq ⊂ Qψq ∩ qM1q = (Q ∩ qM1q)
ψq .
For every k ∈ N, we denote by qk the spectral projection of T for the interval [
1
k ,+∞). Then
all qk are Tr-finite projections in B such that qk → q, the unit of Q, σ-strongly as k →∞. Since
qk ∈ (Q ∩ qM1q)
ψq , the type II1 subfactor qkQqk ⊂ qkMqk is amenable and globally invariant
under the modular automorphism group σψqk and qkQqk ∩ qkM1qk = qk(Q∩ qM1q)qk is diffuse.
We may then apply the result obtained in the first case to the II1 subfactor qkQqk ⊂ qkMqk
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and we have that qkQqk ⊂ qkM1qk for all k ∈ N. Since qk → q σ-strongly as k →∞, we obtain
Q ⊂ qM1q. This finishes the proof in the case when Q is of type II∞.
Case type III. Assume that q ∈ (M1)ψ is any nonzero projection and Q ⊂ qMq is any type
III subfactor with separable predual that is amenable and globally invariant under the modular
automorphism group σψq and such that Q ∩ qM1q is diffuse. Then we have Q ⊂ qM1q.
By combining results on the classification theory of amenable factors [Co72, Co75, Ha85] to-
gether with [FM75, Kr75], there exists a hyperfinite ergodic nonsingular equivalence relation
R defined on a standard probability space (X,µ) such that Q = L(R). Put A = L∞(X)
and denote by EA : Q → A the unique faithful normal conditional expectation. Denote by
EQ : qMq → Q the unique ψq-preserving conditional expectation. Choose any faithful state
τA ∈ A∗ and put φ = τA ◦ EA ◦ EQ ∈ (qMq)∗. Observe that A ⊂ (qMq)
φ and Q is globally
invariant under the modular automorphism group σφ.
Let (Rn)n∈N be an increasing sequence of finite subequivalence relations of R such that R =∨
n∈NRn. Put Qn = L(Rn) for all n ∈ N so that Q =
∨
n∈NQn. Note that A ⊂ Qn is still
a Cartan subalgebra and Qn is globally invariant under the modular automorphism group σ
φ
for all n ∈ N because φ|Q = τA ◦ EA. Observe that since Rn is finite, that is, Rn has finite
orbits almost everywhere, Qn is a countable direct sum of finite type I von Neumann algebras.
Therefore using [Ka82, Corollary 3.19], up to conjugating by a unitary in U(Qn), the inclusion
A ⊂ Qn is of the following form:
(4.3) (A ⊂ Qn) ∼=
(⊕
k∈N
Z(k)n ⊗C
⊕k ⊂
⊕
k∈N
Z(k)n ⊗Mk(C)
)
,
where Z
(k)
n is a diffuse abelian von Neumann algebra for all n, k ∈ N.
Claim. For any nonzero projection z ∈ Z(Q′ ∩ qMq), we have Az M M1.
Proof of the Claim. By contradiction, assume that there exists a nonzero projection z ∈ Z(Q′∩
qMq) such that Az M M1. Observe that z ∈ (qMq)φ ∩ (M1)ψ. Using the structure of the
inclusion A ⊂ Qn as in (4.3), we see that the inclusion Q
′
n ∩A ⊂ A is of the form:
(4.4) (Q′n ∩A ⊂ A)
∼=
(⊕
k∈N
Z(k)n ⊗C1 ⊂
⊕
k∈N
Z(k)n ⊗C
⊕k
)
.
Using (4.4), it follows that the inclusion
(Q′n ∩A)z ⊂ Az
∼= Q′n ∩A ⊂ A
has essentially finite index and Lemma 2.3 implies that (Q′n ∩ A)z M M1 for all n ∈ N.
(Remark that this can easily be confirmed directly, since Q′n ∩A ⊂ A are commutative.)
Then for every n ∈ N, choose a unitary un ∈ U((Q
′
n∩A)z) such that ‖EM1(un)‖ψ ≤
1
n+1 . Since
un ∈ (zMz)
φz for all n ∈ N, we may define u = (un)
ω ∈ (zMz)ω = zMωz ⊂ Mω. We then
have u ∈ (Qz)′ ∩ (Az)ω and EMω
1
(u) = 0. Observe that u ∈ ((Qz ∩ zM1z) ⊕ z
⊥M1z
⊥)′ ∩Mω.
For all n ∈ N, Theorem 3.1 implies, as in Case type II1, that
‖EM1(un)u− uEM1(un)‖ψω ≥ ‖z‖ψ − ‖EM1(un)‖ψ
and hence z = 0, a contradiction. This finishes the proof of the Claim. 
The set of projections r ∈ Q′∩qMq = Q′∩qM1q (by Proposition 2.7 (1)) such that Qr ⊂ rM1r
attains its maximum in a unique projection z that belongs to Z(Q′ ∩ qMq) = Z(Q′ ∩ qM1q)
(see Case type II1). Assume by contradiction that z 6= q. Put z
⊥ := q − z ∈ Z(Q′ ∩ qMq). By
assumption, we have z⊥ 6= 0 and moreover z⊥ ∈ Q′ ∩ qMq ⊂ A′ ∩ qMq.
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By the previous Claim, we have that Az⊥ M M1. Then there exist n ≥ 1, a projection
p ∈ Mn(M1), a nonzero partial isometry v ∈ (z
⊥M ⊗M1,n(C))p and a unital normal ∗-
homomorphism π : Az⊥ → pMn(M1)p such that the inclusion π(Az
⊥) ⊂ pMn(M1)p is with
expectation (see Theorem 2.2) and av = vπ(a) for all a ∈ Az⊥. Since z⊥ ∈ Q′∩qMq ⊂ A′∩qMq,
we may define the unital normal ∗-homomorphism ι : A → Az⊥ : a 7→ az⊥. Then π ◦ ι : A →
pMn(M1)p is unital normal ∗-homomorphism such that the inclusion (π ◦ ι)(A) ⊂ pMn(M1)p
is with expectation and a v = ι(a) v = v π(ι(a)) = v (π ◦ ι)(a) for all a ∈ A.
Put N = NqMq(A)
′′ and observe that Q ⊂ N . Since v∗v ∈ (π ◦ ι)(A)′ ∩ pMn(M)p and since
(π ◦ ι)(A) ⊂ pMn(M1)p is diffuse and with expectation, we have v
∗v ∈ (π ◦ ι)(A)′ ∩ pMn(M1)p
by Proposition 2.7 (2) and hence we may assume that p = v∗v. Since the inclusion A ⊂ N is
regular, we moreover have v∗N v ⊂ pMn(M1)p by Proposition 2.7 (2).
We have vv∗ ∈ (Az⊥)′ ∩ z⊥Mz⊥ = z⊥(A′ ∩ qMq)z⊥ ⊂ z⊥Nz⊥. Since the inclusion Q ⊂ N
is with expectation (because so is Q ⊂ qMq) and since Q is of type III, it follows that N is
also of type III (see [Ta02, Lemma V.2.29]) and so is z⊥Nz⊥. If we denote by r ∈ Z(z⊥Nz⊥)
the central support in z⊥Nz⊥ of the projection vv∗ ∈ z⊥Nz⊥, we have vv∗ ∼ r in z⊥Nz⊥.
There exists a partial isometry u ∈ z⊥Nz⊥ such that u∗u = vv∗ and uu∗ = r. We have
(uv)∗Nr (uv) ⊂ pMn(M1)p. So, up to replacing v by uv, we may assume that v
∗ z⊥Nz⊥ v ⊂
pMn(M1)p, vv
∗ ∈ Z(z⊥Nz⊥) and p = v∗v .
This implies that z⊥Nz⊥ v ⊂ v pMn(M1)p and hence Qz
⊥ v ⊂ v pMn(M1)p. This further
implies that (Q∩ qM1q)z
⊥ v ⊂ v pMn(M1)p. Since p = v
∗v, vv∗ ∈ Z(z⊥Nz⊥) and Q ⊂ N , the
mapping ρ : (Q∩ qM1q)z
⊥ → pMn(M1)p : x 7→ v
∗xv defines a unital normal ∗-homomorphism
such that xv = vρ(x) for all x ∈ (Q∩qM1q)z
⊥. Observe that z ∈Mψ and hence (Q∩qM1q)z
⊥ ⊂
z⊥Mz⊥ is with expectation. By Proposition 2.7 (1), we obtain that v ∈ (z⊥M1 ⊗M1,n(C))p
and hence vv∗ ∈ z⊥(Q′ ∩ qMq)z⊥ = z⊥(Q′ ∩ qM1q)z
⊥ and Qz⊥ vv∗ ⊂ vv∗ z⊥M1z
⊥ vv∗. Since
vv∗ ≤ z⊥, vv∗ 6= 0 and Q(z + vv∗) ⊂ (z + vv∗)M1(z + vv
∗), this contradicts the maximality of
z ∈ Q′ ∩ qM1q and finishes the proof in the case when Q is of type III.
Since we have successively treated the cases when Q is of type II1, of type II∞ and of type III,
this finishes the proof of Lemma 4.4. 
Lemma 4.5. Let q ∈ (M1)
ψ be any nonzero projection and Q ⊂ qMq any subfactor with
separable predual that is not amenable and globally invariant under the modular automorphism
group σψq and such that Q ∩ qM1q and Q
′ ∩ (qMq)ω are diffuse. Then Q ⊂ qM1q.
Proof. The proof, inspired by the one of [Ho12b, Theorem E], relies on Connes-Takesaki’s
structure theory [Co72, Ta03] and uses Corollary 4.2.
The novel aspect of the proof consists in combining [AH12, Theorem 4.1] and [MT13, Theorem
2.10] in order to obtain the following canonical inclusions of semifinite von Neumann algebras
with trace preserving conditional expectations:
cφ(M) ⊂ cφω(M
ω) ⊂ (cφ(M))
ω
with φ = ϕ or φ = ψ. More precisely, if we denote by Eφω : (cφ(M))
ω → cφ(M) the canonical
faithful normal conditional expectation and by Trφ (resp. Trφω) the canonical faithful normal
semifinite trace on cφ(M) (resp. cφω(M
ω)), we have that Trφ ◦E
φ
ω is a faithful normal semifinite
trace on (cφ(M))
ω and (Trφ ◦ E
φ
ω)|cφω (Mω) = Trφω . We will simply use the notation ‖ · ‖2 for
the L2-norm associated with any of the faithful normal semifinite traces considered above. We
will use throughout the proof the identification Lφ(R) = Lφω(R) ⊂ cφω(M
ω).
Since q ∈Mψ and Q ⊂ qMq is globally invariant under the modular automorphism group σψq ,
we may define cψq (Q) = Q ⋊σψq R and regard cψq(Q) ⊂ πψ(q)cψ(M)πψ(q) naturally. Fix an
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arbitrary nonzero finite trace projection r ∈ Lψ(R) and put M = cϕ(M), p = Πϕ,ψ(r) ∈ M,
Q = Πϕ,ψ(rcψq (Q)r) and P = Q
′ ∩ (pπϕ(q)Mπϕ(q)p)
ω. Observe that
pπϕ(q) = Πϕ,ψ(rπψ(q)) = Πϕ,ψ(πψ(q)r) = πϕ(q)p
defines a nonzero projection in M and is the unit of Q.
Claim. We have P Mω (Lϕ(R))ω .
Proof of the Claim. The proof uses an idea of [Io12, Lemma 9.5]. By contradiction, assume
that P Mω (Lϕ(R))
ω . By [BHR12, Lemma 2.3], there exist δ > 0 and a finite subset
F ⊂ pπϕ(q)M
ω such that
(4.5)
∑
a,b∈F
‖E(Lϕ(R))ω (b
∗ua)‖22 > δ,∀u ∈ U(P).
For each a ∈ F , write a = (an)
ω with a fixed sequence (an)n ∈ pπϕ(q)M
ω(M).
We next show that there exists n ∈ N such that
(4.6)
∑
a,b∈F
‖E(Lϕ(R))ω (b
∗
nuan)‖
2
2 ≥ δ,∀u ∈ U(P).
Assume by contradiction that this is not the case. Then for each n ∈ N, there exists un ∈ U(P)
such that ∑
a,b∈F
‖E(Lϕ(R))ω (b
∗
nunan)‖
2
2 < δ.
Since pπϕ(q)Mπϕ(q)p is a finite von Neumann algebra, we may write un = (u
(n)
m )ω for some
sequence (u
(n)
m )m ∈ ℓ
∞(N, pπϕ(q)Mπϕ(q)p) such that u
(n)
m ∈ U(pπϕ(q)Mπϕ(q)p) for all m ∈ N.
Then we have
lim
m→ω
∑
a,b∈F
‖ELϕ(R)(b
∗
nu
(n)
m an)‖
2
2 < δ.
Fix a ‖ · ‖2-dense countable subset {yn : n ∈ N} ⊂ Q. Since limm→ω ‖yju
(n)
m − u
(n)
m yj‖2 =
‖yjun − unyj‖2 = 0 for all n ∈ N and all 0 ≤ j ≤ n, we may choose mn ∈ N large enough
so that vn := u
(n)
mn ∈ U(pπϕ(q)Mπϕ(q)p) satisfies ‖yjvn − vnyj‖2 ≤
1
n+1 for all 0 ≤ j ≤ n and∑
a,b∈F ‖ELϕq (R)(b
∗
nvnan)‖
2
2 ≤ δ. Since pπϕ(q)Mπϕ(q)p is finite, we may define v := (vn)
ω ∈
(pπϕ(q)Mπϕ(q)p)
ω. We moreover have v ∈ U(P) and
(4.7)
∑
a,b∈F
‖E(Lϕ(R))ω (b
∗va)‖22 = limn→ω
∑
a,b∈F
‖ELϕ(R)(b
∗
nvnan)‖
2
2 ≤ δ.
Equations (4.5) and (4.7) give a contradiction. This shows that Equation (4.6) holds. Therefore,
up to replacing the finite subset F ⊂ pπϕ(q)M
ω by {an : a ∈ F} ⊂ pπϕ(q)M, we may assume
that F ⊂ pπϕ(q)M in Equation (4.5).
Since Q′∩(qMq)ω is diffuse and Q is globally invariant under the modular automorphism group
σψq , we know that Q′ ∩ ((qMq)ω)ψ
ω
q is diffuse by [HR14, Theorem 2.3]. We may then choose
a sequence (un)n ∈ M
ω(qMq) such that (un)
ω ∈ U(Q′ ∩ ((qMq)ω)ψ
ω
q ) and limn→∞ un = 0
σ-weakly (see the first and second paragraphs in the proof of [HR14, Theorem A]). Observe
that (pπϕ(un)p)n ∈ ℓ
∞(N, pπϕ(q)Mπϕ(q)p) and
πϕω((un)
ω)p = Πϕω ,ψω(πψω ((un)
ω)r)
= Πϕω ,ψω(rπψω((un)
ω)r)
= (Πϕ,ψ(rπψ(un)r))
ω
= (pπϕ(un)p)
ω ∈ U(P).
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Since F ⊂ pπϕ(q)M, using Lemma 2.4 (with letting the Q there be the trivial algebra), we
obtain limn→ω ‖ELϕ(R)(b
∗ pπϕ(un)p a)‖2 = 0 for all a, b ∈ F . This implies that
(4.8)
∑
a,b∈F
‖E(Lϕ(R))ω (b
∗ πϕω((un)
ω)p a)‖22 = limn→ω
∑
a,b∈F
‖ELϕ(R)(b
∗ pπϕ(un)p a)‖
2
2 = 0.
Equation (4.5) with F ⊂ pπϕ(q)M and Equation (4.8) give a contradiction. This finishes the
proof of the Claim. 
Next, for each i ∈ {1, 2}, put Mi = cϕ(Mi). We have M = M1 ∗Lϕ(R) M2 (see [Ue98a,
Theorem 5.1]). Observe that since M1 is globally invariant under σ
ψ, we have Πϕ,ψ(cψ(M1)) =
cϕ(M1) = M1. Since r ∈ Lψ(R) ⊂ cψ(M1), we have p = Πϕ,ψ(r) ∈ M1. Since Q ∩ qM1q is
diffuse and globally invariant under σψq , we have Πϕ,ψ(rcψq(Q∩qM1q)r) M Lϕ(R) by Lemma
2.5. Then [BHR12, Theorem 2.5] implies that (Πϕ,ψ(rcψq (Q ∩ qM1q)r))
′ ∩ pπϕ(q)Mπϕ(q)p ⊂
pπϕ(q)M1πϕ(q)p and hence
Q′ ∩ pπϕ(q)Mπϕ(q)p = Q
′ ∩ pπϕ(q)M1πϕ(q)p.
The set of projections s ∈ Q′ ∩ pπϕ(q)Mπϕ(q)p = Q
′ ∩ pπϕ(q)M1πϕ(q)p such that Qs ⊂ sM1s
attains its maximum in a unique projection z that belongs to Z(Q′ ∩ pπϕ(q)Mπϕ(q)p) =
Z(Q′ ∩ pπϕ(q)M1πϕ(q)p). Assume by contradiction that z 6= pπϕ(q). Put z
⊥ := pπϕ(q)− z ∈
Z(Q′ ∩ pπϕ(q)Mπϕ(q)p). By assumption, we have z
⊥ 6= 0.
Observe that since Q ⊂ qMq is a subfactor that is not amenable, Q = Πϕ,ψ(rcψq(Q)r) has no
amenable direct summand by [BHR12, Proposition 2.8]. By the previous Claim, we moreover
have P Mω (Lϕ(R))ω. Then Corollary 4.2 implies that there exists i ∈ {1, 2} such that
Qz⊥ M Mi. Hence, there exist n ≥ 1, a finite trace projection f ∈Mn(Mi) (with respect to
the canonical trace Trϕi⊗ trn), a nonzero partial isometry v ∈ (z
⊥M⊗M1,n(C))f and a unital
normal ∗-homomorphism π : Qz⊥ → fMn(Mi)f such that xv = vπ(x) for all x ∈ Qz
⊥. In
particular, we have Πϕ,ψ(rcψq (Q∩qM1q)r) v ⊂ v fMn(Mi)f . Since Πϕ,ψ(rcψq (Q∩qM1q)r) M
Lϕ(R), [BHR12, Theorem 2.5] and its Claim imply that i = 1 and v ∈ (z
⊥M1 ⊗M1,n(C))f .
Therefore we have vv∗ ∈ Q′ ∩ pπϕ(q)M1πϕ(q)p, vv
∗ 6= 0, vv∗ ≤ z⊥ and Q(z + vv∗) ⊂ (z +
vv∗)M1(z+vv
∗). This contradicts the maximality of the projection z ∈ Q′∩pπϕ(q)M1πϕ(q)p.
Thus, we have z = pπϕ(q) and hence
Πϕ,ψ(rcψq (Q)r) = Q ⊂ pπϕ(q)M1πϕ(q)p = Πϕ,ψ(rcψq (qM1q)r).
This implies that rcψq(Q)r ⊂ rcψq (qM1q)r. Since this holds for every nonzero finite trace
projection r ∈ Lψ(R), we obtain cψq (Q) ⊂ cψq (qM1q). Observe that πψq(qMq) ⊂ cψq (qMq) is
the fixed point algebra by an action of R, called the dual action of σψq , (see [Ta03, Theorem
X.2.3 (i)]) and hence there exists a (non-normal) conditional expectation F : cψq(qMq) →
πψq(qMq) such that F(cψq (qM1q)) = πψq(qM1q). By applying the conditional expectation F
to πψq(Q) ⊂ cψq (Q) ⊂ cψq(qM1q), we obtain πψq (Q) ⊂ πψq (qM1q) and hence Q ⊂ qM1q. This
finishes the proof of Lemma 4.5. 
Proof of Theorem 4.3. Since both Q and Q ∩M1 are with expectation in M , we may choose a
faithful state ψ ∈M∗ such that both Q and Q ∩M1 are globally invariant under the modular
automorphism group σψ. Denote by R → U(M) : t 7→ ut = [Dψ : Dϕ]t the Connes Radon-
Nikodym cocycle (see [Co72, The´ore`me 1.2.1]) satisfying σψt = Ad(ut) ◦ σ
ϕ
t for all t ∈ R.
Fix any t ∈ R. Define the unital normal ∗-isomorphism πt : Q ∩M1 → M : x 7→ ut
∗xut.
Observe that
πt(Q ∩M1) = ut
∗Q ∩M1 ut = ut
∗ σψt (Q ∩M1)ut = σ
ϕ
t (Q ∩M1) ⊂ σ
ϕ
t (M1) = M1
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and xut = ut πt(x) for all x ∈ Q ∩M1. Since Q ∩M1 ⊂ M1 is diffuse and with expectation,
Proposition 2.7 (1) implies that ut ∈ U(M1). Since this holds for every t ∈ R, we obtain
σψt (M1) = ut σ
ϕ
t (M1)ut
∗ = utM1 ut
∗ = M1.
This implies that ψ = ψ ◦EM1 where EM1 : M →M1 is the unique faithful normal conditional
expectation.
Since Q ∩M1 ⊂ M1 is diffuse and with expectation, we have Q
′ ∩M ⊂ (Q ∩M1)
′ ∩M =
(Q∩M1)
′∩M1 by Proposition 2.7 (1) and hence Q
′∩M = Q′∩M1. Denote by z ∈ Z(Q
′∩Mω)
the unique central projection such that (Q′ ∩Mω)z is diffuse and (Q′ ∩Mω)z⊥ is atomic. By
[HR14, Theorem 2.3], we have z ∈ Z(Q′∩M) = Z(Q′∩M1) and (Q
′∩Mω)z⊥ = (Q′∩M)z⊥ =
(Q′ ∩M1)z
⊥. Observe that z ∈ (M1)
ψ.
Denote by (zn)n a sequence of central projections in Z(Qz) such that
∑
n zn = z, Qz0 has a
diffuse center and Qzn is a diffuse factor for all n ≥ 1. We have Z(Qz) ⊂ (Qz)
′ ∩ zMψz =
z(Q′ ∩Mψ)z = z(Q′ ∩ (M1)
ψ)z. Moreover, since Z(Qz)z0 ⊂ z0M1z0 is diffuse and globally
invariant under the modular automorphism group σψz0 , we have Qz0 ⊂ (Z(Qz)z0)
′ ∩ z0Mz0 =
(Z(Qz)z0)
′ ∩ z0M1z0 by Proposition 2.7 (1). Finally, for all n ≥ 1, since Qzn ⊂ znMzn is a
non type I subfactor that is globally invariant under the modular automorphism group σψzn
and such that Qzn ∩ znM1zn = (Q∩M1)zn and (Qzn)
′ ∩ (znMzn)
ω = (Q′ ∩Mω)zn are diffuse,
Lemma 4.4, in the case when Qzn is amenable, and Lemma 4.5, in the case when Qzn is
nonamenable, imply that Qzn ⊂ znM1zn. Therefore, we have Qz ⊂ zM1z. This finishes the
proof of Theorem 4.3. 
We can finally deduce the main results of this paper.
Proof of Theorem A. By applying Theorem 4.3 to the case when the projection z ∈ Z(Q′∩Mω)
satisfies z = 1, we obtain Q ⊂M1. 
Proof of Corollary B. Since both Q and Q ∩M1 are with expectation and Q ∩M1 is diffuse,
using Lemma 2.1, we may choose a faithful state ψ ∈ M∗ such that both Q and Q ∩M1 are
globally invariant under the modular automorphism group σψ and the centralizer (Q ∩M1)
ψ
is diffuse. Note that by the proof of Theorem 4.3, M1 is also globally invariant under the
modular automorphism group σψ. Next, choose a diffuse abelian von Neumann subalgebra
with separable predual A ⊂ (Q ∩M1)
ψ.
Let x ∈ Q be any element. Denote by Q0 ⊂ M the von Neumann subalgebra generated by
the set {σψt (y) : t ∈ R, y = x or y ∈ A}. Observe that Q0 ⊂ M has separable predual and
is globally invariant under the modular automorphism group σψ. Since Q is amenable and
Q0 ⊂ Q is with expectation, it follows that Q0 is also amenable. (It is true even in the non-
separable case that amenability implies injectivity. See [Co76].) Since A ⊂ (Q0 ∩M1)
ψ and
since A is diffuse, (Q0 ∩M1)
ψ is diffuse and so is Q0 ∩M1 (see e.g. [Bl06, Theorem IV.2.2.3]).
Since Q0 is diffuse, amenable and with separable predual, the central sequence algebra Q
′
0∩Q
ω
0
is diffuse (see e.g. [Ho14, Proposition 2.6]). Since Q0 ⊂ M is with expectation, the inclusion
Q′0 ∩ Q
ω
0 ⊂ Q
′
0 ∩M
ω is with expectation and hence Q′0 ∩M
ω is diffuse. Since Q0 ∩M1 is
moreover diffuse and with expectation, we obtain that Q0 ⊂ M1 by Theorem A and hence
x ∈M1. Since this holds true for all x ∈ Q, we deduce Q ⊂M1. 
Appendix A. Bicentralizer problem for free product von Neumann algebras
Let (M,ϕ) be any σ-finite von Neumann algebra endowed with a faithful normal state. Fol-
lowing [Ha85], the asymptotic centralizer of ϕ is defined by
AC(M,ϕ) =
{
(xn)n ∈ ℓ
∞(N,M) : lim
n→∞
‖xnϕ− ϕxn‖ = 0
}
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and the bicentralizer of ϕ is defined by
B(M,ϕ) =
{
a ∈M : lim
n→∞
‖axn − xna‖ϕ = 0,∀(xn)n ∈ AC(M,ϕ)
}
.
Haagerup showed in [Ha85] that any amenable type III1 factor with separable predual has
trivial bicentralizer. It is an open problem, known as Connes’s bicentralizer problem, to decide
whether any type III1 factor with separable predual has trivial bicentralizer.
It was recently showed in [HI15, Proposition 3.3] that B(M,ϕ) = ((Mω)ϕ
ω
)′ ∩M for every
nonprincipal ultrafilter ω ∈ β(N) \N. Using this characterization, we give a short proof of
an unpublished result due to the second named author showing that Connes’s bicentralizer
problem has a positive solution for all type III1 free product factors.
For each i ∈ {1, 2}, let (Mi, ϕi) be any nontrivial σ-finite von Neumann algebra endowed
with a faithful normal state. Assume moreover that ker(σϕ1) ∩ ker(σϕ2) = {0}. Denote by
(M,ϕ) = (M1, ϕ1)∗(M2, ϕ2) the free product. By [Ue10, Theorem 4.1], we have M = Mc⊕Md
whereMc is a type III1 factor andMd = 0 orMd is a multimatrix algebra. Put ϕc =
1
ϕ(1Mc )
ϕ|Mc .
Theorem A.1. Keep the same notation as above. Then B(Mc, ϕc) = C1Mc.
Proof. In the case when both M1 and M2 are atomic, ϕc is an almost periodic state such that
((Mc)
ϕc)′ ∩Mωc = C1Mc by [Ue11, Theorem 2.2]. Then we have B(Mc, ϕc) ⊂ ((Mc)
ϕc)′ ∩Mc =
C1Mc .
Next, we may assume that M1 has a diffuse direct summand. Since Mc is of type III and using
[Ue10, Lemma 2.2], up to cutting down M by the central projection in M1 that supports the
diffuse direct summand of M1, we may assume without loss of generality that M1 is diffuse. In
that case, we have M = Mc. Observe that M
ω
1 and M
ω
2 are both globally invariant under the
modular automorphism group σϕ
ω
and are ∗-free inside Mω with respect to the state ϕω (see
[Ue00, Proposition 4]). Letting P =Mω1 ∨M
ω
2 , we have (P,ϕ
ω |P ) ∼= (M
ω
1 , ϕ
ω
1 ) ∗ (M
ω
2 , ϕ
ω
2 ) and
M ⊂ P ⊂Mω.
Since M1 is diffuse and M2 6= C1, we have that (M
ω
1 )
ϕω
1 is diffuse and (Mω2 )
ϕω
2 6= C1 by
Proposition 2.8. Using [HI15, Proposition 3.3] and Proposition 2.7 (1), we have
B(M,ϕ) = ((Mω)ϕ
ω
)′ ∩M ⊂ ((Mω1 )
ϕω
1 )′ ∩ P ∩M ⊂ ((Mω1 )
ϕω
1 )′ ∩Mω1 ∩M ⊂M1.
Next, one can choose an invertible element w ∈ (Mω2 )
ϕω
2 such that ϕω2 (w) = 0. For all y ∈
B(M,ϕ) ⊂M1 such that ϕ1(y) = 0, using the freeness with respect to ϕ
ω and since yw = wy,
we have
ϕω(w∗y∗yw) = ϕω(w∗y∗wy) = 0.
Therefore w∗y∗yw = 0 and hence y = 0 since w is invertible. It immediately follows that
B(M,ϕ) = C1. This finishes the proof of Theorem A.1. 
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